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First and Second order condition for unconstrained minimization

The problem

Given the function: R™ — R:

minimize f(x)
xzeR"™

the following regularity condition are assumed from now and forward:

Assumption (Regularity conditions)

The functione f € C1(R™) has Lipschitz continuos gradient, i.e. exists
~ > 0 such that

V()" = Vi)' | <vlle—yl, Ve,yeR"

5
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First and Second order condition for unconstrained minimization

The problem

Definition (Global minimum)
Giving a function f : R"™ — R a point x* € R" ia a global minimum if

f(z*) < f(z), VxeR"

Definition (Local minimum)

Giving a function f : R™ — R a point x* € R" is a local minimum if

f(z*) <f(z), Ve B(x*;d).

Obviously a global minimum is also a local minimum. The search of a
global minimum is in general a difficult task.

Constrained Minimization 4 /92



First and Second order condition for unconstrained minimization

The problem

Definition (Strict global minimum)

Given a function f : R™ — R a point x* € R" is a strict global
minimum if

f(z*) < f(z), VzeR"\{z'}.

Definition (Strict local minimum)

Given a function f : R™ — R a point * € R" is a strict local minimum
if

f(x*) < f(x), Vo € B(x*;9) \ {z*}.

\

Obviously a strict global minimum is also a strict local minimum.

5
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First and Second order condition for unconstrained minimization

First order necessary conditions

Lemma (First order necessary conditions)

Given a function f : R™ — IR that satisfy the regularity conditions, if a
point x* € R" is local minimum point, then

Proof.

Let d e generic direction then for § small enough

<
=
8
*
=]
Il
e

A (f(z* + Ad) — f(z*)) >0, 0<A<$é
and thus

lim A7 (f(z* + Ad) — f(z*)) = Vf(z*)d > 0,
A—0

cause d is a generic direction it follows Vf(z*)T = 0. i
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First and Second order condition for unconstrained minimization

© First order necessary condition do not distinguish maxima, minima or
saddle point.

@ To distinguish maxima and minima we need more informations, for
example second derivative of f(x).

© With second order information it is possibile to build necessary
and/or sufficient condition to discriminate maxima and minima.

@ In general first and second order condition are not sufficient to set
both necessary and sufficient condition for a point * to be a
maximum or minimum point.

5
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First and Second order condition for unconstrained minimization

Second order necessary conditions

Lemma (Second order necessary conditions)

Given a function f € C*(R™) if a point * € R™ is a local minimum then
Vi(z*)T = 0 and V?f(z*) is semi positive definite, i.e.

d'V*(x*)d>0, VdeR"

This condition is necessary but not sufficient, in fact, consider
f(x) = ac12 = xg’

Vi(z) = (23, -343), V*(z)= <(2) —gm)

for the point =* = 0 the gradient is Vf(0) = 0 and V?f(0) is semi
positive defined, but 0 is a saddle point not a minimum point. p
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First and Second order condition for unconstrained minimization

Condition Vf(z*)T = 0 follows from the first order necessary conditions.
Consider now a generic direction d and the finite difference:

fz* + Ad) — 2f(x*) + f(z* — \d)

22 =0

using Taylor series for f(x)

)\2
f(z* + \d) = f(z*) + Vf(z*)\d + ?dTVQf(a:*)d + o(\?)
with the previous inequality
d"V*(z*)d + 20(A?)/A\? > 0

so that taking limits A — O from the arbitrariety of d follows that
V2f(x*) which must be semi-positive definite. O

Constrained Minimization 9/92




First and Second order condition for unconstrained minimization

Second order sufficient conditions

Lemma (Second order sufficient conditions)

Given the function f € C2(R") if a point =* € R" satisfy:
o Vi(z*)T =0;
@ V2f(x*) is definite positive; i.e.

d'V*(x*)d >0, Vd<cR"\ {0}

then x* € R™ is a strict local minimum.

RENELS

Cause V2f(x*) is symmetric we have

Amind! d < d"V2f(2*)d < Amaxd! d

If V2f(w*) is positive definite then Amin > 0. 3
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First and Second order condition for unconstrained minimization

Consider a generic direction d, and Taylor expansion for f(x)
1
f(x* +d) = f(z*) + Vf(z*)d + §dTV2f(:1:*)d + o(||d||*)

> f(@*) + 5 Amin I + o(l|d]]*)

N = N =

> £(2") + 3 Amin I (1+ o))/ [1d)?)

choosing d small enough

1
f@" +d) 2 () + 7 Amin Id|* > f(z*),  d#0, ||d|| <o

i.e. £* is a strict minimum. ]
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Lagrange multiplier theorem

Constrained minimization

Problem

Let be f € C2(R™) a function and hy, € C*(IR™) constraints functions
with k=1,2,...,m.

Problem

Minimize f(x)

With constraints: hi(x) =0, k=1,2,...,m

5
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Lagrange multiplier theorem

Theorem (of Lagrange multiplier)

Let f € C2(R™) and h € C2(R",R™) a constraints map. Let =* a local
mininum of f(x) which satisfy the constraints (i.e.h(x*) =0). If
Vh(x*) has maximum rank then there exists m scalar i, such that

Vi) = MVhy(z) =07 (A)
k=1

moreover for all z € R™ that satisfy Vh(x*)z = 0 the following
inequality is true

2T (VQf(a:*) = Zm: )\kVQhk(m*)> z2>0 (B)
k=1

in other words the matrix V2 (f(x*) — X - h(z*)) is semi-positive
definite in the kernel of Vh(x*).
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Lagrange multiplier theorem

Proof

If * is a local minimum then there exists € > 0 such that
f(x") < f(x), Va tale che: € B ed h(x) =0
where B = {x | ||x — «*|| < ¢}. Consider the function sequence
fi(@) = f(@) + k|h@)|* +ale—z"|*,  a>0
and the sequence of local minimum (unconstrained) in B:

fr(zy) = glelg fr(x)

theorem will be proved using the condition for unconstrained minimum
and using the limit x; — x*.

5
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Lagrange multiplier theorem

Proof

Step 1: the limit of the sequence @ — & lie on the constraint

Cause the sequence xj, is contained in the compact ball B then exist a
sub-sequence converging @y, — & € B. To simplify notation and proof
we assume that &y — & € B. From the definition of x;

filer) < fi(a®) = f(@*) + k[h(@)]® + oz - 2*|* = f(z")
moreover
fe(mr) = flan) + k |[h(zp)|” + a|lzp — «*||* < f(a¥)
per cui avremo
klR(@)l* +a |z, — 2| < fz") - min f(z) = C < +oo
and thus
Jim [ (zy)|* =0

and from continuity ||h(Z)|| =0 &
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Lagrange multiplier theorem

Proof

Step 2: the limit of sequence xy, is ¢~
Consider
Filew) = flax) + kllhn) |” + o ey — 2| < f(2")
that imply
aller —2*|* < f(@*) = fl@) = kb)) < f(z*) - fla)
taking the limit for k& — oo and using norm continuity
lim oz~ 2| < alle - 2| < (=) - (@)

cause ||h(x)|| = 0 and that * is a minimum in B that satisfy constraint
it follows

allz—z*|® < f(z*) - f(®) <0
ie. & =x*. &
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Lagrange multiplier theorem

Proof

Step 3: Lagrange multiplier construction

Cause @y, are unconstrained local minimum for fy(x) then
V() = V(@) + £V [h(@)|* + oV @, — 2> = 0
remember
Vll? = V(z- ) = 227,
V Ih(@)|2 = V(h(z) - h(z)) = 2h(z)" Vh(x)
which imply (using matrix transposition)

Vf(zp)T 4 2kVh(z,)Th(xy) + 2a(z) — ) = 0

5
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Lagrange multiplier theorem

Proof

Step 3: Lagrange multiplier construction

Left multiply by Vh(xy)
Vh(z)V f(xx)" +2kVh(xy) Vh(xr) " h(zy)
+2aVh(zy)(x, —x*) =0

cause Vh(x*) € R™*"™ is of maximum rank for large k by continuity all
Vh(z},) have maximum rank, thus Vh(z)Vh(z;)? € R™*™ are
square nonsingular and

2kh(wy) = — (Vh(z)Vh(zi)T) " Vh(m) [V (@) + 20(m) — 27)]
for k — oo

lim 2kh(z)) = - (Vh(z*)Vh(z*)") " Vh(z*)Vf(a*)"
— 00 &



Lagrange multiplier theorem

Proof

Step 3: Lagrange multiplier construction

Defining limy o 2kh () = X where
A = (Vh(z*)Vh(z*)") " Vh(z*)Vf(z*)"
and substituting in
Vf(xr)" +2kVh(xy) h(zy) + 2a(zp — %) = 0
and for £ — oo

Vi) - Vh(z)TA=0

5
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Lagrange multiplier theorem

Proof

Passo 4: condizioni necessarie di minimo

Cause xj, are unconstrained local minimum for f(x) then matrices
2
V= fi(k)
are semi-positive definite, i.e.
T72 n
2"V fr(xg)z > 0, VzeR
moreover

V2 fe(zr) = V2 f(zp) + kV? |h(zp)|” + 20V (z), — z¥)

= V2 f(@e)" +kV? D hi(ar)® + 201
=1

5
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Lagrange multiplier theorem

Proof

Step 4: necessary condition for a minimum

substituting
V2hi(z)? = V(2hi(x)Vhi(z)")
= 2Vh(x2)TVhi(x) + 2h;(x)VZh(x)
in the Hessian it follows

Vka(CCk) = sz(cck) + 2ad

+ 2k Vhi(@) " Vh(xy)
=1

+ 2k i hi(xk)V2hi(z)

=1 &
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Lagrange multiplier theorem

Proof

Step 4: necessary condition for a minimum

Let z € R™ then 0 < 2TV2f(x)z, i.e.

0 < 2"V2f(ap)z+ Y (2khi(wr)z" V2hi(ay)2
=1

+ 2a|2|]* + 2k | Vh(zi) 2|
Previous inequality is true for all z € R™ and thus for all sequence z.

Consider a generic sequence z; — z and take the limit for &k — oo

0 < 2IV2f(x*)z + 20| 2|* + Jim 2k |Vh(x)z|?
s de]

+ Zkg&(%hi(mk)) [27V2h(z*)2]
=1 &
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Lagrange multiplier theorem

Proof

Step 4: necessary condition for a minimum

from limy_, o (2kh;(xx)) = —N; it follows
0 < 2IV2f(x*)z + 2o | 2| ZA [27V2hi(z%)z]

+ lim 2k HVh(CUk)zkHQ
k—o0

if Vh(xk)zr = 0 from a > 0 arbitrarily small

0<2TV2f(x")z — Z i [zTVth(ac*)z]

i=1
which is the relation searched.

5
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Lagrange multiplier theorem

Proof

Step 4: necessary condition for a minimum

Consider zj, as the projection of z in the Kernel of Vh(xy), i.e.
2z, = z — Vh(xx)" [Vh(zr) Vh(xr)T] " Vh(zy)2
indeed
Vh(x)zr = Vh(x)z
—Vh(ay) Vh(zy)" [Vh(zy) Vh(z) "] Vh(zi)z
= Vh(zy)z — Vh(zp)z =0

It now remains to prove that limy_,o, 2 = z if z is in the kernel of
Vh(x*).

5
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Lagrange multiplier theorem

Proof

Step 4: necessary condition for a minimum

Consider the limit

lim z, = z — lim Vh(axy)? [Vh(a:k)Vh(a:k)T]_l Vh(xy)z

k—o0 k—o0
= z — Vh(z*)" [Vh(z*)Vh(z")"] " Vh(z")z
and, thus, if z in in the kernel of Vh(xz*), i.e. Vh(z*)z = 0 it follows
fim e =2

and this concludes the proof.

5
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First and second order condition for constrained minimum

First order necessary condition

e f € CY(R"™) function to be minimized
e h € C!(R",R™) constraints map

@ h(z*) =0 and Vh(xz*) is of maximum rank

If * is a local minimum of f(a) then there exists m scalars Ay such that
V@)= MVhi(z")
k=1

i.e. the gradient of the function is in the linear space generated by
gradient of the constraints:

Vf(x*) € SPAN{V Iy (&%), Vho(a*), ..., Vhm(z*)}

5
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First and second order condition for constrained minimum

Second order necessary conditions

e f € C%(R") function to be minimized
e h € C?(R",IR™) constraints map
e h(z*) =0 and Vh(z*) if of maximum rank

If £* is a local minimum of f(x) in addition to satisfy first order
necessary condition for all z € R"™ that satisfy Vh(x*)z = 0 the
following inequality must be true

2T (VQf(:c*) - Z )\kvzhk(m*)> z>0
k=1

in other words the matrix VZ(f(x*) — X - h(x*)) is semi-positive
definite in the Kernel of Vh(x*).

5

Constrained Minimization 27 / 92



First and second order condition for constrained minimum

Second order sufficient conditions

e f € C?(R™) function to be minimized
e h € C}(R",R™) constraints map
@ h(xz*) =0 and Vh(zx*) if of maximum rank

@ x* satisfy first order necessary conditions

If for all z € R™ \ {0} that satisfy Vh(x*)z = 0 satisfy also
2T (VQf(a:*) -y )\kVQhk(ac*)> z2>0
k=1

Then * is a local minimum. In other words if the matrix
VZ(f(x*) — X~ h(x*)) is positive definite in the Kernel of Vh(z*) then

5
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Lagrange multiplier practical usage
Lagrange multiplier practical usage

When you deal with a constrained minimization problem of the form:
minimize: f(x)
with constraints
h(z)=0
behove define the Lagrangia
L(x,A) = f(x) — X h(x)

such that the minimum/maximum point are stationary points of L(x, \)

Val(z, A) = Vuf(x) — ATV,h(z) =0

Val(x,A) = h(x) =0
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Lagrange multiplier practical usage
Lagrange multiplier practical usage

Consider the pair (x, A) that satisfy

and the matrix
V2iL(x,\) = Z M V2hy(z

then, necessary and sufficient conditions for a local maximum/minimum
are the following: (next slide)

5
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Lagrange multiplier practical usage
Lagrange multiplier practical usage

o If x is a local minimum point then V2£(x, A) is semi-positive
definite in the Kernel of Vh(x*), i.e.

2'V20(x, Nz >0, Vz € Ker{Vh(z")}

If  is a local maximum point then V2L (x, A) is semi-positive
definite in the Kernel of Vh(x*), i.e

2TV2L0(x, M)z <0, Vz € Ker{Vh(z")}
o If V2L(x, A) is positive definite in the Kernel of Vh(z*), i.e.
2IV2L(x, M)z > 0, Vz € Ker{Vh(z*)} \ {0}

then x is a local minimum point. Similarly if V2£(x, A) is positive
definite in the Kernel of Vh(x*), i.e.

2'V20(x, Nz <0, Vz € Ker{Vh(z*)} \ {0}

then x is a local maximum point. &

Constrained Minimization 31/92



Lagrange multiplier practical usage

Example

Find minimum and maximum point of the function

flay) = e

2

with constraint

hz,y) =2 —y°

build the Lagrangian
L(r,yN) =" = Aa — o)
the stationary points satisfy
Vi L(z,y,\) = 22"V —A=0
Vyl(z,y,\) = =2 yefﬁ_y2 +2Ay=0
Val(z,y,\) = —z+12 =0 B



Lagrange multiplier practical usage

Example

the stationary points are:

x Y A
0 0 0
1 1 -1
2 2 ¢!
1 1
2 "3

and the gradient of the constraints

Vh(z,y) = (1,-2y)

while Hessian is

VQ o (41.2 4 2)62x2;y2 —dzy 623;2;1/2
(@) —4dxye” Y (4y? —2)e™ 7Y +2)

5
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Lagrange multiplier practical usage

Example

First point x =y =A=0:

Vh(0,0) = (1,0)
V?,.5)£(0,0,0) = (3 _02>
the vectors in the nel kernel of VA(0,0) satisfy:
Vh(0,0) (?) =2 =0
and thus are of the form 27 = [0, o

(0 a) <(2) _02> (2) =—2a><0

and the point is a local maximum. &
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Lagrange multiplier practical usage

Example

Second point © = % y = % and A = e~ 1
1 1
Vhl=,— | = (1 —v2
<2 ﬂ) @ =v2)

PN

2 L1 1\ _  _n -2
Vie© <2, \/576 =e V2 9

the vectors in the kernel of VA(0,0) satisfy:
vh0.0) (2) =2 - V22 =0
2

and thus are of the form 27 = [a/2, o]

e (a2 a) <_i’/§ _f> <O‘f) = 4e70® >0

and are local minimum points.
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Lagrange multiplier practical usage

Example

Second pointx =z, y=——=and A=e I

N

> oL 3\ a3 V2
v(m,y)L<2’ ﬂ,e =e /2 9

the vector in the kernel of VA(0,0) satisfy:
< > 21+ \/522 =0

and thus are of the form 27 = [a/2, —a]

eV (avZ —a) ( P f) <a\/§) —deta? > 0

and thus is a local minimum.
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

o Add auxiliary variable €, for each inequality to the problem

Minimize f(x)
With constraints hi(x) =0, k=1,2,...,m
gr(x) >0, k=1,2,....p

@ is thus transformed in the following minimization problem
Minimize Fy) =F(x,e) = f(x)
With constraints Hi(y) =0, k=1,2,...,m+p

where

hi(x) per k <m

Gh—m(x) — 365_, per k >m &
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

Given the problem
Minimizzare F(y)
Con vincoli Hi(y) =0, k=1,2,....m+p

characterization of maximum/minimum points are obtained using
previously developed condition using Lagrange multiplier.

Using peculiar structure of the problem this condition can be rewritten
without the explicit use of the slack variables (the €y)

This conditions are called KKT conditions (Karush-Kuhn-Tucker)

5
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

First order conditions:
From the Lagrangian

L(x, e, ) Z)\khk Z <9k($) - ;%)

null gradient becomes

V.L(x, e, A ) Z)\thk Z,ungk
M1 €1
V L(x, e, A\, p) =
Hp €p
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

Observing that 37 = gj(x) condition become

Z Ak Vhy(z) + Z 1V gr ()

k=1
0 = prgr(x)

moreover the Hessian is

V2L(z, e, A, ) Z/\kVQhk ZﬂkVQQk

5
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

Evaluating Hessian respect to @ and &

251
Vig(z, e\ p) = - M
Hp
V.V L(x,e, A\, u) =0
and thus

V2L 0
2 _ T
Vieol(@ e, A p) = < 0 M)

5
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

Evaluating gradient of constraints respect to x, €

OH(x,e) <Vh(:c) 0 >
O(zx, €) Vg(x) —FE

where

€1

€p

The admissible direction are the vectors (z,w) such that
Vh(z) O z\ (0O
Vg(z) —E)\w/ \0
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

Necessary conditions becomes

P
2TV202 + Z prwi > 0

k=1
for all z and w such that
Vh(zx)z =0
Vyg(x)z = Ew

5
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Inequality constraints transformation

Karush-Kuhn-Tucker optimality conditions

Active constraints are the constraints for k € A(x) i.e. gx(x) = 0 where
€r = 0 and thus wy can assume any values without modify z. Thus
using z = 0 and choosing (w); = [;x]

0" (V2L)0+ ppwi >0 pp >0
Vgi(z)z =0

For inactive constraints i.e. k & A(x) or gx(x) > 0 the values g # 0
and from first order conditions pi = 0. Thus, wy can assume any values
without modify quadratic form, and

Vgr(x)z = erwy,

can assume any values.

5
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Karush-Kuhn-Tucker conditions

Constrained minimization

Problem

Let be f € C2(R") a function and g; € C3(R") (k=1,2,...,p) and
hi € C2(R™) (k= 1,2,...,m) constraints.

Problem

Minimize f(x)

With constraints: gk(x) >

5
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Karush-Kuhn-Tucker conditions

First order Karush-Kuhn-Tucker conditions

Theorem (F.John)

Let f € CY(R™) a function and g € C*(R"™, RP) with h € C}(R",R™)
some constraints. Necessary condition for x* be a local minimum is that
there exists m + p + 1 scalars (not all 0) such that the following
condition are satified

AoV (x Zungk ZAthk =
hi(x*) =0, k=1,2,...,m;
gr(x*) >0, k=1,2,...,p;
ngk(m*) = 0’ k= 1527 By 2
HkZO’ k;:1727"'7p; s
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Karush-Kuhn-Tucker conditions

Definition (Constraint qualifications)

Let be g € C*(R", RP) inequality constraints and h € C*(R",R™)
equality contraints. The point x* is qualified if

° gi(x*) =0, ke A(x*);

° gi(xz*) >0, k¢ A(x*),

moreover the vectors

(Vagr(z*) : k € A(z*)} U {Vhi ("), Vho(z), ..., Vhm(z*)}

are linearly independent.

5
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Karush-Kuhn-Tucker conditions

First order Karush-Kuhn-Tucker conditions

Theorem (First order KKT conditions)

Let f € CY(R™) a function and g € C*(R"™, RP) with h € C}(R",R™)
constraint maps. If x* satisfy constraint qualification then necessary
condition for x* be a local minima is that there exists m + p scalars such
that the following conditions are satisfied
Vo L(z* A, u*) = 07
hi(z*) =0, k=1,2,...,m;
prge(x*) =0,  k=1,2,....p;
/LZZO, k:1727 > D;
where
p m
L(a, X\ p) = f(@) =Y e gr(®) = Y i () ¢
k=1 k=1
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Karush-Kuhn-Tucker conditions

Second order Karush-Kuhn-Tucker conditions

Theorem (Second order KKT conditions)
Let f € CY(R™) a function and g € C*(R", RP) with h € C}(R",R™)
constraint maps. If x* satisfy constraint qualification then necessary

condition for x* be a local minima is that there exists m + p scalars that
satisfy first order conditions, moreover

2ZIV2L(x* N u)z > 0
for all z such that
Vhi(x*)z =0, k=1,2,....,m
Vgi(x*)z =0, se k € A(x")
Finally i, > 0 for all k € A(x*).

s
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Karush-Kuhn-Tucker conditions

Second order Karush-Kuhn-Tucker conditions

Theorem (Sufficient second order KKT conditions)

Let f € CY(R™) a function and g € C*(R"™, RP) with h € C}(R",R™)
constraint maps. If x* satisfy constraint qualification then necessary
condition for x* be a local minima is that there exists m + p scalars that
satisfy first order conditions, moreover

2IV20(x*, X, uH)z > 0
for all z # 0 such that
Vhi(x*)z =0, k=1,2,...,m
Vgi(x*)z =0, se k € A(x")

Finally pu; > 0 for all k € A(x*).
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker
KKT usage example

Minimize
flay) =2* —ay
with constraints
gi(z,y) =1—a>—y*> >0

gz, y) =1—(2—1>—y*> >0

5
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

Lagrangian

L(x,y, p1, p2) = 2° — zy

— (-2 =)
- a1 (@ = 1) = )

gradient respect to (x,y)

oL

e 2z —y + 2z +2(x — D)po
oL

b 9

5y = Tt 2lm t )

5
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

Search minima in the internal part of the domain (i.e. pu; = p2 =0).
Must solve

0=2x—y
0=—z
solution x = 0, y = 0. Check constraits
91(0,0) =1>0
92(0,0) =0>0

Then second constraints must be active, thus, solution must be
discarded.

5
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

Activate first constraint only (i.e. pu2 = 0). Must solve

0=2x—y—+ 2z

0=—24+2ym
1 =22+ y?
found 4 solutions
€T Y H1

+1/2vV2-vV2 2z (1+v2) (V2-1)/2
+1/2vV2+v2 2 (1-v2) —(vV2+1)/2

Soltion n.3 and n.4 must be discarded cause p; < 0. &
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

Check first 2 solution for the second constraint

92(21, 1) = M—l =-023...<0
92(22,y2) = —\/mfl =-1.76...<0

No one satisfy constraint, solutions must be discarded.

5

Constrained Minimization 55 /92




Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

Activate second constraint (i.e. u1 = 0). Must solve
0=22—y+2(x—1)p
0= —24 2yus
1= (x—1)2+4°

found 3 solutions

x Y 12

0 0 0
G-VD/4 1+VD)/A VT/2-1
G+VT/4A 1-VT)/4A —VT/2-1

Solution n.3 must be discarded as po < 0. &



Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

check first 2 solution for second constraint
g2(z1,y1) =1>0
g2(z2,y2) = (VT —3)/2=—0.177... <0

only the first satisfy constraint.

5
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

Activate both contraint. Must solve
0=2x—y+2xu; +2(x—1)ue
0 = —z+2y(pu1 + p2)
1 =22 +42
1= (z—1)% 44>
found 2 solution
T Y M1 H2

/2 V3/2 —1/2+1/V3 1/2-1/(3V3)
1/2 —V/3/2 —1/2—1/V/3 1/2+1/(3V3)

5
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation (8/10)

The candidates which satisfy first order KKT conditions are:

x Yy M1 w2

0 0 0 (% 0
/2 V3/2  —1/2+1/V/3 1/2—1/(3V3)
1/2 —v3/2 —1/2—-1/V3 1/2+1/(3V3)

now check second order conditions.
(*) constraint is active with null multiplier.

5
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation

gradient of the constraints and Hessian

Vg(z,y) = <2(a;2f 1) ?YD

2 _(2(1 + g+ p2) -1
v(x,y)L(xaymul),U2) - < -1 2('“1 +M2)

For the first point the gradient of the active constraint:
Vg1(0,0) = 0"

gradient is null, thus constraint is not qualified!. Cannot apply KKT

theorem.
B
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Esempio di uso delle condizioni di Karush-Kuhn-Tucker

KKT usage example

Solution with constraints Activation/Deactivation (10/10)

For the second point must solve (z1, z2) such that:

1 \/g Z1 . 0
-1 V3 z9) \O
i.e. 21 = 20 = 0. Thus the point satisfy necessary conditions for a

minimm but not sufficient condsitions.
For the third point must solve (z1, 22) such that:

1 —\/g z1 o 0

-1 —\/g z9 - 0
i.e. z1 = z9 = 0. Thus the point satisfy necessary conditions for a
minimm but not sufficient condsitions.

5
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Example of constrained minimization problems

Least squares solution of linear equations

@ Minimize

@ With constraints

B
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Example of constrained minimization problems

Kantorovich inequality

@ Minimize
f(x) = (T Az)(zT A 1x)
@ With constraints
h(z)=xTz—1
If A is symmetric ad positive definite

()\min + )\max ) 2

min f(x) = Do
min/‘max

5
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Example of constrained minimization problems

Simple circuit optimization

(Chong Zak problem)

Consider the circuit in figure. Voltage generator is 20V while Ry = 10€).

R;.

@ Massimize the power loss on
Ry, i.e. minimize

f(Ry,i) = —Ry 4*
@ With constraints

g(Rl,i) = R1 >0

h(Ry,i) = 20 — (R; +10)i = 0

R2

Resistor Ry is unknown and must be found to minimize power loss on

5
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Example of constrained minimization problems
Massimizzazione di un volume

Let z, y, z width height and depth of a parallelepiped. Find the
dimension which maximize the volume when surface being equal to S.

@ Minimize
f(‘T?y, Z) = —TY=z

@ With constraints

hMz,y,2) = 2(xy +yz +22) — S =

gz, y,z) =z >0
92(2,y,2) =y >0
g3(z,y,2) = 2 >0

5
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Example of constrained minimization problems
links in a chain distributions

Consider a chain composed by n + 1 links, fixed on the ceiling in (0,0)
and (L,0). Let (xg,yx) the points of contacts on the links inside the
chain. Compute the position of the mesh of the chain under gravity.

@ Minimize the potential energy L
n—1
Fly)=> u
k=1

@ with constraints

Yo = Yn = 0, @
4=

xg =0, x, =L,

(zk — 26-1)* + (Y — yp—1)? = &
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SPD matrices in a subspace
SPD matrices in a subspace

Verification of KKT conditions needs the verification that a matrix A is
positive definite in the kernel of another matrix B.
That is, we have the problem

Problem (constrained SPD)

Verify if the matrix A € R™*" is positive definite in the kernel of
B € R™*" (m < n), namely

T Ax > 0, Vo # 0, such that Bx =0
or if the matrix A is semi-positive definite in the kernel of B, namely

xT Az > 0, Va, such that Bx =0

4

5
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SPD matrices in a subspace

For the solution of the previous problem is necessary the following
theorem.

Theorem (Sylvester)

A symmetric matrix A is positive definite if and only if all of the
determinants of leading principal minors must be positive. In other words
let A and Dy, a principal minor
ailp; ai2 ... Qin ai; a2 ... Qg
az1 a2 ... ap a1 az ... QG
A= : : ! Dy = : : !
anpl AaAp2 ... QAapp a1 Qg ... Qg
then
A e SPD & |Dg| >0, k=1,2,...,n
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SPD matrices in a subspace

For semi-SPD matrix it is true
xl Az +exx >0, Yo #£0

and applying Sylvester theorem for A + eI it follows that all of the
determinants of leading principal minors must be positive. One argue
that if all of the determinants of leading principal minors are
non-negative then the matrix A is semi-positive definite. This is false
and here is a counter example for the matrix P

111 L1 111
P=[(111 ()] =1, ‘(1 1)'—0, 11 1]=0
110 110

ma per la matrice perturbata P + I

[(1+¢e)|=1+c¢, ’<1+€ 1 >‘=E(2+E),

1 1+¢
I+ 1 1
1 14e 1]|=e(2e4+e*-2)<0 see<V3-1 B
1 1 €
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SPD matrices in a subspace

The matrix
3 2 11
2 3 01
A= 1 0 3 2
1 1 1 3
is SPD, in fact
3 2
@) =35>0, (5 3)]-5>0
320 > 5 01
2 3 0](=12>0 =24>0
10 3 1 0 3 2
1 1 1 3

5
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SPD matrices in a subspace

Let K € R™ P a matrix such that

Q@ BK=0

@ If x is such that Bx = 0 then x = K« for an appropriate a € RP
then

' Az > 0, VY #0, taleche Bx =0
is equivalent to assert that matrix
KTAK

is positive definite. Analogously to check for semi-SPD.

5
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SPD matrices in a subspace

Example

Consider the matrices

3031
0300 11 0 0

A=13 03 0] B_<o1—11>
1001

Search the vectors v such that Bv = 0:

11 0 0\ (fw]| _ (0
01 -1 1 vy | \O
V4
and the following linear relations are obtained
v+ v2 =0,

vy —v3+v4 =0 &



SPD matrices in a subspace

Example

Searching non trivial solution of the homogeneous linear system
v+ vz =0,
vy —v3+v4 =0

and observing that vo = —v; we pose v; = « and thus v, = —au.
Substituting in the second equation

—a—v3+v=0

set v3 = [ obtaining v4 = o+ 5. Namely the vectors in the Kernel of B
are of the form

a+f &
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SPD matrices in a subspace

Example

Writing previously relation a matrix-vector product

« 1 0
—Q -1 0 o
B N U N IV
a+p 1 1
and, thus
1 0
-1 0
K= 0 1
1 1

5
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SPD matrices in a subspace

Example

Project the matrix A into the Kernel of K

30 31 1 0
T (1 -1 0 1 03 00 -1 0] (9 5
K AK = (0 0 1 3030 0 1| \b 4
1 0 01 1 1
Applying the Sylvester's criterium
9 5
(9)]=9>0, ’(5 4)‘_11>0,

namely, the matrix A is positive definite in the kernel of B. Observe
that the Sylvester’s criterium for A is not SPD! in general.

5
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SPD matrices in a subspace
Generale case

@ How to find the matrice K € R™*P for a generic matrix B € R™*"?
@ A simple way to build K is by using Gauss elimination.
@ Fro example after row and column elimination matrix B is in the form

(I Q)

where I € R™*™ and Q € R™*(™=™)_ Thus, the first m
components of the generic vector are given from the last components
taken as free parameters.

Constrained Minimization 76 / 92



SPD matrices in a subspace

Example

Consider the matrix

10 0 031 O
00 0 001 1
B= 01 -1011 -1
10 0 03 1 O

add a row of labels and start with Gauss elimination:

Ul Vg V3 V4 Uy Vg VU7
1 0 0 0 3 1 0
0O 0 0 0 0 1 1
o 1 -1 0 1 1 -1
1 0 0 0 3 1 0
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SPD matrices in a subspace

Example

U1 Vg
1 0 0 0 3 1 0
0O 0 0 0 0 1 1
o 1 -1 0 1 1 -1
O 0 0 O 0 0 O

1 0 0 0 3 1 O

0 1 -1 0 1 1 -1

0o 0 0 0 0 1 1

0 o 0 0o 0 0 O &

Constrained Minimization 78 / 92



SPD matrices in a subspace

Example

Exchange column 3 with column 6

V1 V2 Vs V4 VU5 V3 U7
1 0 1 0 3 0 0
o 1 1 0 1 -1 -1
0O 0 1 0 O 0 1
0O 0 0 0 O 0 0

Delete 1 in third column from first and second row ([1] + [1] — [3] ed
2] < 2] - [3])

V1 V2 Vs V4 Vs V3 U7
1 0 0 0 3 0 -1
o 1 0 0 1 -1 -2
0O 0 1 0 O 0 1
0O 0 0 0 O
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SPD matrices in a subspace

Example

From last matrix get the relations
v = 3vs — vy
Vo = 1)5—1)3—2’1)7
Ve = U7
the free parameters are vs, v4, vs, v7. Set v3 =, v4 = B, v5 = 7,
v7 = J so that general solution is
v1=3y—90, vs=v—a—20, v3=aq,

U4:67 Us =7, U6:57 U7:57

5
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SPD matrices in a subspace

Example

The solution
v1=3y—0, va=v—a—20, v3=aq,
U4:57 Us =7, U6:57 '07:57
can be written ad matrix-vector product

U1 0

(%) —1
U3
V4 =
Vs
(%]
U7

2 X L

(el olall
S oo~ O OO
SO R OO W

and thus, matrix K is easily determined. &
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Summary of main theorems
Summary of main theorems

Here a summary of fundamental theorems for the characterization of
constrained minima are collected.

Definition (Ammissibile point)

A point x* is admissible if
hi(x*) =0 k=1,2,...,m
gr(x*) > 0 k=1,2,...,p
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Summary of main theorems

Definition (active constraints)
The following set

Ax®) = {k | gr(x®) = 0}
is named active constraints set. This set can be split in two subsets
At (¥, p*) = {k | ge(x*) =0, pj >0}
Ad(x*, p*) = {k | gr(z*) =0, pj =0}

At (z*, u*) are the strongly active constraints e AY(x*, u*) are the
weakly active constraints.

Obviously

a w) (VA (@, pn) =0 and A%z, p") | JAT (2", 1) = A(z")
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Summary of main theorems Constraints qualification

In the study of optimality condition the constraints and its gradients
cannot be arbitrary. They must satisfy additional analytic/geometric
properties. This properties are named constraints qualification. The
easiest qualification (but also compelling) is linear independence (LI)

Definition (Constraints qualification LI)

Given the inequality constraints g(x) and equality constraints h(x), we
will say than an admissible point x* is qualified if the vectors

(Va(x®) : k € Alx*)} U{Vhi(x*), Vha(x?), ..., Vim(z*)}

are linearly independent.

5
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Summary of main theorems Constraints qualification

Mangasarian-Fromovitz qualification

This qualification is less stringent of the previous

Definition (Constraints qualification MF)

Given the inequality constraints g(x) and equality constraints h(x), we
will say than an admissible point x* is qualified if does not exists a linear
combination

Z angk(a:*) + Zﬁthk(:B*) =0
keA(z*) il

with o, > 0 for k € A(x*) and oy and By not all zero. That is, there is
no non trivial linear combination for the null vector with ay, > 0 for
ke A(x*).

5
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Summary of main theorems Constraints qualification

Garth P. McCormick qualification

Definition (Constraints qualification (1 ordine))

Given an admissible point x* the constraints are first order qualified if
for all direction d that satisfy

Vhe(z*)d =0, ke{l,2,...,m},
Var(z*)d > 0, ke A(x"),
exists a curve © € C'(R,R™) and an ¢ > 0 such that for 0 <t < e.
xz(0) =
z'(0)

hi(z(t)) =0 ke{l,2,...,m},

a:*’ b
da gk(x(t)) > 07 ke {1721 500 7p}

5
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Summary of main theorems Constraints qualification

Garth P. McCormick qualification

Definition (Constraints qualification (2 ordine))

Given an admissible point x* the constraints are first order qualified if
for all direction d that satisfy

Vhe(z*)d =0, ke{l,2,...,m},
Var(z*)d = 0, ke A(x"),
exists a curve © € C2(R,R™) and an ¢ > 0 such that for 0 <t < e.
xz(0) =
z'(0)

hi(z(t)) = 0, ke{l,2,...,m},

d, gr(x(t)) = ke A(x").

5
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Theorem (First order KKT condition)

Let f € CY(R™) and g € C}(R",RP) with h € CL(R",R™) inequality
and equality constraints. If x* satisfy constraints qualification then
necessary condition for local minimum is that there exists m + p scalars

such that
V. L(x*, A, u*) = 07
prgr(e®) =0, k=12,
1y > 0, k=1,2,
where
P m

Y

- D

Summary of main theorems Constraints qualification
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Summary of main theorems Constraints qualification

Theorem (Second order necessary KKT conditions)

Let f € C*(R™) and the constraints g € C2(R"™,RP) and

h € C2(R"™,R™). If x* satisfy constraints qualification, then necessary
condition for x* be a local minimum id that there exists m + p scalars
that satisfy first order conditions and

d'V2L(x*, N, u)d > 0
for all d such that
Vhi(z*)d = 0, k=1,2,....,m

Vgr(x*)d =0, se k € A(x")

A more tighten condition:
Vgip(x*)d =0, se k€ AT (x*)
Vr(x*)d > 0, se k € AY(x*) &
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Summary of main theorems Constraints qualification

Riassunto teoremi fondamentali

Theorem (Second order sufficient conditions by G.P.McCormick)

Let f € C*(R™) and the constraints g € C2(R"™,RP) and
h € C2(R™,R™). A sufficient condition for * be a local minimum id
that there exists m -+ p scalars that satisfy first order conditions and

hj(x*) = 0, i=12,....m
ge(x*) > 0, k=1,2,...,p
kg (x*) = 0, k=1,2,...,p
pr 2 0, k=1,2,...,p
Vo L(x*, A5, p*) =0

(continue...)

o
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Summary of main theorems Constraints qualification

Summary of fundamental theorem

Theorem (Second order sufficient conditions by G.P.McCormick)

(...continue)
moreover for all d # 0 such that

Vhg(x*)d =0, k=1,2,...,m
Vgr(x*)d =0, se i >0
and
dIV2L(x*, N, u)d > 0

notice that constraint qualification is not necessary for sufficient
condition

5
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