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The Z transform
Definition
@ Z is applied to causal discrete signal.

@ Discrete signal is denoted using various notations:
fnin=0,1,2,...
fln] :n=0,1,2,...
fn) :n=0,1,2,...
o Z transform is defined as:

Z{fa} ( Z fz™

@ A lighter notation for Z-transform is:
2} (2) = 7(2) B
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The Z transform
The Z transform

@ Usefulness: analysis of digital signal; transform
Difference equations = Algebraic equations

@ Analogy with logarithm:
a — loga
a-b— loga+logb

thus, logarithm transform product into addition which are
easier to manage.
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The Z transform
Linearity of Z-transform

Let f, and g, two discrete signals and « and 3 two scalars

oo

2{afn+Bon} (2) = D _(afu+Bgn)z"

n=0

[e.e] [ee]
=a) foz " +B) g
n=0 n=0

= aZ{fn} (2) + BZ{gn} (2)

5
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Elementary signal transform Unitary impulse and discrete Heaviside

Unitary impulse

@ Unitary impulse is defined as

1 sen=0,
Op =
0 sen >0,

@ lts Z-transform is

2{0n} (2) =) nz"
n=0

=1

5
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Elementary signal transform Unitary impulse and discrete Heaviside

Discrete Heaviside or step signal

@ Discrete Heaviside is defined as

1= {1}%10

o lts Z-transform is

Z{0n} (2) = D 127"
n=0

o0
n=0

1 z

1—2"1  2-1

5
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Elementary signal transform Esponential

Esponential

@ Z-transform of exponential a”

Z{a"} (z) = Za” = i (g)n
n=0

1 .z
l—a/z z-—a

@ Z-transform of exponential a™ multiply by a signal

ZA{a" fu} ( ana z n:ifn <§>_”
n=0

2 3)
B
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Elementary signal transform

Shift (time advance)

B
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Elementary signal transform

Shift (time advance)

Z-Transform of shifted signal f,x with integer k£ > 0

2 {furi} (2) = 3 Fuerz
n=0

=2 i Frgz (0
n=0
00 k—1

_ ZkanZ—n _ ZkanZ—n
n=0 n=0

- (Z’ {fn Z fn >

Observation: Analogously with Laplace Transform there are initial &
conditions to manage.
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Elementary signal transform

Shift (time delay)

aaaaaaaaaaaaaaaaaaaaaaaa

B
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Elementary signal transform

Shift (time delay)

Z-Transform of shifted signal f,x with integer & > 0

2 i} (2) =D furz "
n=0
=z" i Frorz (070
n=0

oo
= Zﬁk Z fnzin
n=0

=27%2 {fn} (z)

Osservazione: Differently with Laplace Transform there are NO
initial conditions to manage. Why 7 &
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Elementary signal transform The signal nj, and binomial coefficient

The signal ny (1/2)

@ The signal ny is defined as:
ng=nn—1)(n-2)---(n—k+1)

@ Particular cases:
@ Ng — ].,
@ N = Nn.

@ Observe that

dk
Ww” =nn—1Mn-2)---(n—k+ 1w *

and

o0

k
ZA{ng} (1/w) = anw —wkddWZw"
n=0 &
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Elementary signal transform The signal nj, and binomial coefficient

The signal ny

Z-transform is:

I
I
g

=
|

E

|

2 {ni} (1/w)

substituting z = 1/w:

2 = e

5
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Elementary signal transform

Binomial coefficient signal

The signal nj, and binomial coefficient

@ The signal is defined as:

(1) = oo

@ Particular case:
o () =1
° (1) =n.

@ Observe that

and

n z
2 -~
()=t B



Elementary signal transform Convolution of two signals

Z-transform of the convolution (1/2)

@ The convolution of two signals f,, and g, is defined as
n
(f*x9g)n = Z JrGn—k
k=0

@ For convolution Z-transform (f x g)(z) = Z{(f xg)n} (2) the
following property hold:

(f *9)(2) = f(2)9(2)

5
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Elementary signal transform Convolution of two signals

Z-transform of the convolution

The Z-transform is

Z{(f *9)n Zkagn k2"

n=0 k=0

= i i Ly g fogn-kz "Mz
n=0 k=0
-k (i 1n—kgn—kz_(n_k))

>
k=0 n=0
- Lot (S
= f(2)3(2) 5‘
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Elementary signal transform The signals cos wn and sin wn

The signal coswn

Using equality 2cosa = €' + e 7' where i is the imaginary unit
for complex numbers, now:

1 ) ,
Z {coswn} (z) = Z coswnz "= = Z(ezw” R i P

2% — zcosw
22 —2zcosw + 1 &
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Elementary signal transform The signals cos wn and sin wn

The signal sinwn

Using equality 2isin a = e’ — e~ where i is the imaginary unit
for complex numbers, now:

= 1 .
Z {Sin wn} (Z) = Z sin wn an = 27 (elwn _ e*lwn)zfn
n=0 v n=0
1 o . 1S
= — (elwz—l)n i Z(e—zwz—l)n
2 = 2 ot
1 1 1 1

211 —ewz=l 21 — eyl
z z—e W —z4eW

T2 (z — e)(z — eWw)

zsinw
22 —2zcosw + 1 &
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Elementary signal transform Polynomial signal

The signal n* (1/2)

Using equality

k volte

using this equality in the transform Z {fnnk} (2)

> k
2t} ) = 3 funts Z fn< )
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Elementary signal transform Polynomial signal

The signal n* (2/2)

Using the rule

2 (it} = 0 () 2 o

and apply it with f,, = 1,:
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Elementary signal transform Polynomial signal

Z-transform of an important signal (1/2)

Consider the signal ny =n(n—1)---(n — k + 1) and observe that

d k
<d> 27 = (1)
z

using this last equality
2 ok} (2) = O foogmpz "
n=0
[%S) d k
= fak(-1)= () Zm i
dz
n=0
dz z = n—k &
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Elementary signal transform Polynomial signal

Z-transform of an important signal (2/2)

Observe that f, = 0 for n < 0, thus the signal
ng=n(n—1)---(n—k+ 1) satisfy:

k [e%S)
ZA{ fn—kni} (2) = (—l)kz <d(,17:> [i Z fmZ_m]
m=—k

ST (dd)k EI16]

5
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Z-Transform table

TABELLA DELLE TRASFORMATE (1/2)
On 1
z
1,
z—1
o v
a
Z—a
n r
o, G
nfm a2
@\ r (z — @)k
d \F~
k k(D
o (~D4(e2) F2)

5
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Z-Transform table

TABELLA DELLE TRASFORMATE (2/2)

F—1
frtk 2 <J?(Z) - Z sz_])
=0

fn—k Z_kf(z)
(f % 9)n f(2)3(2)
a" sinwn 2asinw

22 — 2zacosw + a?

Z2 — Za COoS W

a” coswn

22 — 2zacosw + a?

k ~
Fui (e (O ) .
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Other remarkable properties
Initial and final value theorems

Theorem (Theorem of final value)

If a signal f, reach a constant limit value, i.e.

lim fn = foo

n—oo

then

5
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Z-transform inversion
Z-transform standard form

@ In many applications Z-transform can be written in the form:

G(z) P(z) bo + b1z +bo2? + -+ bp2™
2 Q) (z—p)m(z—p)m (2 —pa)™n
where p; # pj if i # 7.
@ 0P(z) < 0Q(z) can always be assumed

@ As for the Laplace transform partial fraction expansion can be
done:

n mj;

=2

7j=1k=1

z—p]

5

The Z transform 27 /33



Z-transform inversion
Explicit formula for the solution

When G(z) is written in partial fraction expansion as follows:

n mj 5
Gz) =) > aji———
— (z — pj)
J=11i=1
formally inversion is done consulting Z-transform table:
n mj
Gy = Z Z @jini—1p}
j=1i=1

As for Laplace transform the formula is valid if p; is a real root not
if it is complex. Anyhow when complex root are found they are
collected with the corresponding conjugate to find the
corresponding signal in the table.

5
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Example: Fibonacci sequence

Example: Fibonacci sequence

@ The sequence is defined recursively as
Fnio = Fnp + By, Fo=Fn=1

Attention, to avoid initial condition loss use forward shift!

@ Using Z-transform with shift rule
22F(2) — Foz? — Fiz = 2F(2) — Foz + F(2)
@ Solving transformed equation

~ F022 + (F1 — Fy)z
F(z) = 5 ( )

z¢—z—1
@ using initial conditions: Fy = F; =1

2
22—2z-1 &
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Example: Fibonacci sequence

Example: Fibonacci sequence

@ from factorization

Porml=(on)(z-),  a=— m=——
@ Using partial fraction expansion
F(z) z A B
z ze—z—1 Z—21 Z— 2

where A = (5 ++/5)/10 and B = (5 —+/5)/10, now

5
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Example: Fibonacci sequence

Example: Fibonacci sequence

@ Using transform rule Z{a"} (2) = z/(z — a)
F, = Az + Bzy

@ substituting

1++5 1—+5 5++5 5—-+/5
zZ1 = s Z9 = s A= s B=
2 2 10 10
it follows

%\

(
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Example: Fibonacci sequence

Why use forward shift?

@ Consider Fibonacci sequence
Fpn=Fn 1+ Fpo, Fo=F=1

@ For every solution F), the shift G,, = F,,_1 and H, = F},_o
are such that Gy = 0 and Hy = 0.

@ This imply Fy = Gy + Hp = 0 i.e. initial conditions are forced
to be 0.

@ Practically forward shift can be used only if initial conditions
are all 0.

@ Alternatively you can use bilateral Z-transfrom

N
Z{fa} ( Z faz " Hm Y f2 "
n=-—00 n=—N &
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