Example of numerical solution of a DAE
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:> restart:

|  with(plots):

> EQl := L * diff(I3(t),t) - u(t) ;
EQ2 := Il(t)-I2(t)-I3(t) ;
EQ3 := u(t)-R*I2(t) ;

d
EOl=1 (E 73(1) j — u(?)
EQ2:=11(1) — 12(1) — 13(7)
EO3:=u(t) — RI2(1) 1)

EIndex calculation

| > DEQ2 := diff(EQ2,t) ;
DEQ3 := diff(EQ3,t) ;
d d d
DEQ2= L 11(1r) - (512(;)j - (5/3(1)]
pEoi =L uin—r(L o 2)
03:= g, utr) — & 20| (

EThe DAE is of index 1
> ODE := solve( { EQl, DEQ2, DEQ3} , diff({Il(t),I2(t),I3(t)},t) )

14

d d
—u(?) | L+ u(f) R — u(?)
14 _u() d _(df ) d _dr T
ODE = 7 3(r)= AT I7(r) = T P 2(r)= Y 3)
> SUBS := { L=0.001, R=1, u(t)=cos(100*t) } ;
SUBS:={£=0.001, =1, u«(r) =cos(100 7) } 4)
> SOL := dsolve( subs(SUBS,ODE) union { I1(0)=1, I2(0)=1, I3(0)=0
Y ) o
SOL = {//(7) =cos(100 7) + 10 sin(100 7), /3(#) =10 sin(100 7), /2 () =cos(100 7) } 5)

> Il esatta :
I2 esatta :
I3_esatta :

unapply( subs(SOL,Il1(t)), t);

unapply( subs(SOL,I2(t)), t);

unapply( subs(SOL,I3(t)), t);
/7 esatta:= t—cos(100 7) + 10 sin(100 7)

12 esatta = t—cos(100 7)
/3 _esatta:= r—10sin(100 7) 6)
[ > ESATTA := plot( subs(SOL,[Il(t),I2(t),I3(t)]), t=0..0.1 ):




> display(ESATTA) ;
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V¥ Coodinate partitioning

[Solve I1 and I2 respect to 13

> soLIl2

> subs( SOLI12, EQ1l) ;

d

u(t) + 13(2) R

d
— L
ds 7

ESolve numerically with Crank-Nicolson

R

()] = (o)

L 12(1) =

I \
6 0,08

solve( {EQ2,EQ3}, {Il(t),I2(t)})

SOLII2 = {[](z) = “(7).

R

I2(t)=(I2_N+I2 0)/2,

u(t)=(u_N+u 0)72, EQ1 )), {I3 N} ) ;

1
0,10

> ALG := subs( Il(t)=I1 N, I2(t)=I2_N, I3(t)=I3_N, u(t)=u N,
SOLI1l2) ;
arG= o v="N gy = ENTENR
Y R
> CN := solve( subs(ALG,subs( diff(I3(t),t)=(I3_N-I3_0)/DT,

(1.1)

(1.2)

(1.3)

(1.4)



=13 v= % 2173 O+ u_/ZDT—I— u ODT

> AdvanceCN := proc( I3 init, dt, N )
local kk, SuBs, I1, 12, I3 a, b, c
SUBS := { R = 1, L = 0. 001, u N—cos(lOO*O),

-e

Il := subs( SUBS, [[O,subs(ALG,I1 _N)]] );
I2 := subs( SUBS, [[0,subs(ALG,I2_N)]] );
I3 := [[0,I3 _init]] ;
for kk from 1 to N do
SUBS := { R =1,
L = 0.001,
DT=dt,

Il 0—11[ 11121,
12_0=I2[-1][2],
13_0=I3[-1][2],
u_o —cos(lOO*(kk 1)*dt),
u_ N =cos(100*kk*dt)} ;

evalf (subs (SUBS,subs(CN,I3_N))) ;

o))

b := evalf(subs(I3_N=a,subs(SUBS,subs(ALG,I1 N
¢ := evalf(subs(I3_N=a,subs(SUBS,subs(ALG,I2 N
Il := [op(Il),[kk*dt, b]],
12 := [op(I2),[kk*dt,c]];
I3 := [op(I3),[kk*dt,a]];

end ;

[I1,I2,1I3];

B end proc:

[> RES := AdvanceCN( 0, 0.001, 100 ):
[> CNPLOT := plot( RES, thickness=[2,2,2] ):
> display( CNPLOT, ESATTA );

|

I3 _N=I3 init }
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[Errror computation and order estimation

> N1 := 100 hl
N2 := 200
N3 := 400
N4 := 800
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/7 :=0.001000000000
N2:=200
/42 :=0.0005000000000
N3 =400
43 :=0.0002500000000
N4 =800
/4 :=0.0001250000000 (1.5)

dvanceCN( O, hl, N1l):
dvanceCN( 0, h2, N2):

"> RES1 A
A
AdvanceCN( O, h3, N3):
A
X

RES2
RES3

ee oo oo oo

g nnnn

L RES4 dvanceCN( O, h4, N4):
> El1 := max(seq( abs(I3 esatta(RES1[1][k][1])-RES1[3]1[k][2]),
k=1..N1l)) ;

=

14



E2 := max(seq( abs(I3_esatta(RES2[1][k][1])-RES2[3]1[k][2]),
k=1..N2)) ;
E3 := max(seq( abs(I3_esatta(RES3[1][k][1])-RES3[3][k][2]),
k=1..N3)) ;
E4 := max(seq( abs(I3_esatta(RES4[1][k][1])-RES4[3][k][2]),
k=1..N4)) ;

£7:=0.008334086

£2:=0.002083463
£3:=0.000520821
£4:=0.000130278

> evalf(log(E1/E2)/log(2))
evalf(log(E2/E3)/log(2))
evalf (log(E3/E4)/log(2))

N W wo

2.000040508
2.000123953
1.999194144

V¥ Crank-Nicolson without coordinate partitioning

[Solve numerically with Crank-Nicolson

> SUBSCN := { u(t) = (u_N+u_0)/2,
I1(t) = (I1_O+I1_N)/2,
I2(t) = (I2_0+I2 N)/2,
I3(t) = (I3_0+I3 N)/2 } ;

1 1 1 1 1
SUBSCN = u(t)=—u N+ —u O, 11(t)=—= Il O+ — I] N, 12(z) =

2 2 2 2 20

E _
1 1 1
+ 5 ZNL ()= B0+ /3_/\/}

> CN1 := subs(SUBSCN, subs( diff(I3(t),t)=(I3_N-I3 0)/DT,EQl));
CN2 := subs (SUBSCN,bEQ2);
CN3 := subs (SUBSCN,EQ3);
vt =~ ([3—/2;[3—0) — %u_/\/— %u_O
CN2 = L]] o+ L[] N— L]2 o— L[2/\/— L]3 0— L[3/\/
2 - 2 - 2 - 2 - 2 - 2 -
CW3F=1—u1V+-l—u 0—<R[—L17 0+-1—L?Aj
2 - 2 - 2 - 2 -
> CNDAE := solve( {CN1,CN2,CN3}, {I1_N,I2 N,I3 N} ) ;
CMDAE¥:<ELNEL% 2L[i1?+lLi?QT+ZLLLDT,L{AE:
_—%N—?:+RE31AUV
1 -2/ ORLF2u NL+2u OL+413 ORL+ Ru NDI'+ Ru ODT
2 LR
> AdvanceCNDAE := proc( Il _init, I2_init, I3_init, dt, N )

local kk, SUBS, Il1, 12, I3, a, b, c ;
SUBS := { R=1, L = 0.001 } ;

(1.6)
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[0,I1 init]]
[

= [ -
I2 := [[0,I2_init]]
= [

14
I
13 [0,I3 init]] ;
for kk from 1 to N do
SUBS := { R =1,
L = 0.001,
DT = dt,
I1 0 = I1[-1][2],
I2 0 = 12[-1][2],
I3 0 = 13[-1][2],
u_ 0 = cos(100*(kk-1)*dt),
u N = cos(100*kk*dt)} ;
a := evalf(subs(SUBS,subs(CNDAE,I1 N))) ;
b := evalf(subs(SUBS,subs(CNDAE,I2 N))) ;
c¢ := evalf(subs(SUBS,subs(CNDAE,I3 N))) ;
I1 := [op(Il),[kk*dt,a]l];
I2 := [op(I2),[kk*dt,b]];
I3 := [op(I3),[kk*dt,c]];
end ;

[I1,I2,I3];
end proc:
RES := AdvanceCNDAE( 1, 1, 0.0001, 0.001, 100 ):
CNPPLTDAE := plot( RES, thickness=[2,2,2] ):
display( CNPPLTDAE, ESATTA );
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evalf (log(E1/E2)/log(
evalf(log(E2/E3)/log(
evalf (log(E3/E4)/log(

tErrror computation and order estimation
> N1 := 100 ; hl := 0.1 / N1 ;
N2 := 200 ; h2 := 0.1 / N2 ;
N3 := 400 ; h3 := 0.1 / N3 ;
N4 := 800 ; hd := 0.1 / N4 ;
N/ =100
/7 :=0.001000000000
N2 =200
/42 :=0.0005000000000
N3 =400
/43 :=0.0002500000000
N4 =800
/A4 :=0.0001250000000
> RES1 := AdvanceCNDAE( 1, 1, 0, hl, N1):
RES2 := AdvanceCNDAE( 1, 1, 0, h2, N2):
RES3 := AdvanceCNDAE( 1, 1, 0, h3, N3):
RES4 := AdvanceCNDAE( 1, 1, 0, h4, N4):
El := max(seq( abs(I3_esatta(RES1[1][k][1])-RES1[3]1[k][2]),
k=1..N1)) ;
E2 := max(seq( abs(I3_esatta(RES2[1][k][1])-RES2[3][k][2]),
k=1..N2)) ;
E3 := max(seq( abs(I3_esatta(RES3[1][k][1])-RES3[3][k][2]),
k=1..N3)) ;
E4 := max(éeq( abs (I3_esatta(RES4[1][k][1])-RES4[3]1[k][2]),
k=1..N4)) ;

£7:=0.008334086
£2:=0.002083463
£7:=0.000520821
£4:=0.000130278

2))
2))
2))

e we wo

2.000040508
2.000123953
1.999194144

2.4)

2.5)

(2.6)



