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1 Exercise 7

Solve the following optimal control problem (OCP).

min J = min /Qu(i)2 —2x(t)dt  with  2'(¢)=1-2u(t) z(0)=1, z(2)=0.

1.1 Solution with variation calculus

To solve the problem, one can use calculus of variation in order to find a maximum of the
functional J, so

2
minJ = max —J = maX/ —u(t)? + 2x(t) dt.
0
The Lagrangian function is given by
2
Lo, u, A p, ) = / —? 423 — A2’ — 1+ 2u) dt — uy (2(0) = 1) — pia((2) — 0)
0
Now performing the first variation of £ yields
2
L = / —2uby, + 20, — N(0p + 26,) — 0x(z' — 1+ 2u) dt
0
_[1’15910(0) - 5#1 (.Z'(O) - 1) - ,u26x(2) - 6#2 (Z’(Q) - O)
To simplify the variation 0, it is enough to derive \d,,
(M) = Nbp + ANy = Aoy = (N\,) — N6y,
so the previous expression becomes
2
L = / —2udy, + 20, + Ny — 200, — ox(2' — 1 4 2u) dt
0
—M2)02(2) + A(0)du(0) = 11102(0) = 0y (#(0) — 1) — p2u(2) — Oy (2(2) — 0).
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Collecting the expression of each variation gives the associated boundary value problem.

Ou i —2u — 2\ Op: 24+ N Oh: o —1+2u
535(0) . )\(0) — M1 590(2) . —)\(2) — U2
O - 2(0) —1 Oy 1 x(2)

From the variation 0, one can solve the multiplier ), in facts
N=-2= \Nt)=-2t+c¢ ceR.
From variation ¢,, one can solve the optimal control ,
—2u—2A=-2u—-2(-2t+¢c)=0 = u=2t—c
From the differential equation given by the variation of the multiplier A
?'=1-2u = 2/ =1-2t+c = 2(t)=—t*+(c+1)t+d deR
Now the constants ¢, d can be evaluated using the boundary condition #(0) = 1 and z(2) = 0.
2(0) =d=1 — d=1

r(2)=—-442c+2+1=0 = c=

N | —

In conclusion the optimal control is u(t) = 2t — % and the associated trajectory or status is
z(t) = —t? + 3t + 1. The extremal value of the functional is therefore

2 2 1\? 3
max/ —u(t)? 4 2z(t) dt = / _ <2t -~ 5) +2 (—tQ +5t+ 1) dt
0 0

2
= / —6t* + 5t + 7/4 dt
0

2

5 7
= 234 P4 —t
20 4,
5
=5

If one tries another function that satisfies the required constraints, for example z(t) = (¢ —
2)(t—3) and the associated control u(t) = 2t—3, that the functional —J gives —2* ~ —3.833 <
—2.5.

It can be showed, for example using the Hamiltonian function or with the second variation,
that it is a maximum point!, so for the original problem it will be a minimum.




