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1 Exercise 1
Solve the following constrained minimization

flz,y) =2(y—1)

subject to

2+ <1 r+=<uy.

1.1 Solution with KKT

First put the constraints in the form of the theorem, i.e. g;(x,y) > 0, this gives

1
gy =1-a' -y 20 g2z, y) =y -2 -5 20

The next step is to build the Lagrangian,

L(z,y, p1, p2) = f(z,y) — 1gi(z,y) — page(z,y)

=a(y—1) — m(l = 2% —y*) — o <y—x—%>-

So using the (first order) KKT conditions, the associated non linear system is

Ve L@, y, g1, p12)" =0
mgi(z,y) =0
paga(z,y) = 0

with the conditions
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The gradient of the Lagrangian is

oL\ *
Ox T
Yy—14+2mx+ po
VZ' E'IJ Y 7 = = *
e @y ) = ( 2y — 1o
dy

In other words one has to solve the following non linear system
y—14+2umx+pu =0
T+ 2y — =0
p(l—2>=y*) =0

1
M2(y—33—§) =0

This system is quite complex, so it is better to split it and solve it in several steps. First put
u1 = 0 and solve the simplified system, then put u; = 0 and solve, and so on.

e 111 = 0. Setting 117 = 0 yields to the simpler system
y— 14 pe =0
T — W2 =0

From the second equation one has = = u», thus it remains a system of two equations in
two unknown.

y+ax—1 =0 y=1—=x
1 — 1
—r—=] =0 22 ) =0
(r=-3) (5-2)
hence z = 0 or z = 1. From z one can obtain y = 1 ory = 2 and p» = 0 or yip = 1. In

conclusion there are two solutions in this case, namely

Pl:{‘%‘:o:y:laﬂl:oau?:o}

1 3 1
P, = = — = — =0 = —
2 {ZL’ 47y 47M1 y M2 }

e 15 = 0. Setting 1, = 0 leads to the simpler system
y—1+2me =0
T+ 211y =0
1 (1—w2—y2) = 0.
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From the second equation one has x = —2,y, thus it remains a system of two equations
in two unknown.

y — 1 —4piy =0 1
(1 =43y* —y*) = 0

It remains a single expression for 1

1 1
Vo (1 B eery 4u%>2)
_ (1 —4pi)® — dpd —
(1 —4pf)?
0 = 1647 — 4u3 — 8y
= 1617 — 12413

=0 <=

This expression is zero if u; = 0 or if 163 — 12 = 0, that is if y; = i‘/Tg. The negative
solution has to be dropped because the multiplier has to be positive. The positive
solution is not valid because it does not satisfy the constrain g, > 0. Therefore there are
only one solution in this case,

Plz{x:(),yzl,ulzo,m:()}

e 1 = jo = 0. In this case one retrieves easily solution P.

e ;1 #0and 1 — 22 — y? = 0. From the equation of the constraint one has y = 4=v/1 — 22,
so it is better to split the two cases.

- u1 # 0 and y = ++/1 — 22. From the equation of the second multiplier one has

1 1
Mz(vl—:vQ—x—§>:0 < uy=0 or \/l—xQ—x—§:0

x 1o = 0, then x = —2p,4/1 — 22 hence

42
2 2 2 2 2 2 2 1
=421 —2?) = 22(1+4pd) =442 = 2= "1
x 12 ( z°) (1 +4u7) My z 11 4422
Thus there are other two cases, i.e. the two square roots for x.

i
1+ 4p2

- When x = + . This gives a single equation for x; which is derived
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from the equat1on

-1 +2u1— =
\/1—1—4#1 1+ 4u?

— 14+ 4 =0 =

L+ 4pf =1+ 8pf + 1647

That is when 167 + 42 = 0: py = 0 is absurd, for hypothesis is y; # 0; it

remains 16,2 = —4 which has no real solution. So in this case there is no
solution.
2
- Whenz = — 1 +M 41 5. This gives a single equation for ; which is derived
M1

8[1

/ 4 l 4
=0 <=

o
\/1—1-4 1—|—4u1

L— /14402 — 42 =0 —

14 4p? =1 —8u? + 16y

from the equation &=

That is when 164 — 12u? = 0: pu; = 0 is absurd, for hypothesis is j; # 0;
it remains 165 = 12 which has solution y; = 44/ = :I:‘/Tg. The negative
solution is not acceptable because the multiplier has to be positive; the

solution i, = ¥ implies v = — 1j‘:‘f_{34/4 = andy=+v/1—-22 =1
But this solutlon does not satisfy the first equation of the non linear system,
namely
oL 1 3
O:—:y—1+2,u133—i-u2:——1—1—2£ —£ # 0.
ox 2 2

So this case has no solution.
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1
x g #Z0but 1 —a%2—x— 5= 0. There is a single expression for = that gives

1 1
0:\/1—x2—$—§:> 1—1’221'_'_5
and removing the square root it remains 222 + z — % = 0 which has solution

r=—-1+ %\/7 . Therefore one obtains y in the two cases:

1 1 1 1
yz—f-\/l—CL’Q — y21+zﬁandy:—z+zﬁ

Substituting these values in the non linear system gives a reduced system

T4+2my—p2 =0
y—1+2mx+p =0.

Summing the two equation and substituting z = —1 + 1./7 and the corre-
sponding y = 1 + 11/7 yields

1 1 1 1 1
5\/7—1+§M1+§\/?M1_§M1+§\/7M1:O <~

1 7 1

Thus this solution in not acceptable. Checking the second solution for = and

y, i.e summing the two equation and substituting z = —! — 1/7 and the

4 4
corresponding y = —% + 1/7 yields

1 1 1 1 1
——=1-= VT — zpn — =Viu =0 <
5 2M1+2\/_M1 2#1 2\/_,Ml
3
ILL1:—§<0.

So even this solution is not valid.

- 1 # 0and y = —v/1 — 22. From the equation jg; = 0

1 1
ug(—\/l—xQ—x—§>:0 < pup=0or —\/1—x2—x—§:().

This leads to the two following different cases.

x 1o = 0. In this case the first equation of the non linear system becomes

442 2
=2Vl —22 =0 = 2% = 'u12:>x:i a

1+4p2 1+ 4p3
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2 . .
2= +——M___ In this case the second equation of the system becomes

V144l

A

|1
1+ 43

—1+2,Uq 0 «~—

2#1 _
V14 4p?
1= 14+ 43+ 43 =0 <= 1—8uf +16u] =1+ 43

1
— 16u] —4p? =0 <= ju; =0,%-.

2
The solution 4y = 0 is absurd by hypothesis, ;; = —3 is not valid because
it is negative, it remains to check if yy = 1 is acceptable. This implies
Ho = 0 and
V2 V2
r=—— =——F
2 2

but these values do not satisfy the first equation of the system, in facts

V2 12
— 1 1492. 21240,
2 + 2 2 70

So no one of these solutions is valid. Now check the case for the negative
values of the root for .

2 . .
.z =——M__ In this case the second equation of the system becomes

V14 4p3

42
_ Hy 11— 2

21
1+ 443 VItaZ
1 =1+ 43— 42 =0 < 1+8u 4 16u) = 1+ 442

1
— 16u] +4p° =0 <= ulzo,iiﬁ.

— /1 0 <—

So no solution is acceptable.

1
x g # 0and —v1 —22 —x — 3= 0. This is single equation for x that can be

solved squaring the root:

1 1 3
—\/1—:v2—93—§:O — $2+x+1:1—x2 — 2:v2~|—a:—1

. ) 1
This case is the same of the case s # 0, y = +v/1 — 22 and /1 — x2—x—§ =0,
so the same conclusion holds: there is no solution.
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e yy #0andy — z — 3 = 0. One obtains y = x + 5 and from the equation y;g; = 0

1 2
G} <1—x2—(x+§> ) = 1 <2x2+x—2)20

3

There are two cases, ;; = 0 and 222 + = — 1= 0.

— 1 = 0. From the second equation of the system one has x; = z, and from the first
equation of the system

1 1
y—1+u2:x+§—1+u220 — MZZ
From that values one has z = 1 and y = { + 1 = 3. Further more one can check
that this solution satisfy the non linear system and is therefore a valid candidate,

1 3 1
PQ_{x_Zvy_ZLJ:ul_OuuQ_Z}‘

1

3 . . .
- 222 +  — = = 0. The solution of this quadratic are z = —1 + 1\/7 and so y =

+3 + 411\/7 and p, = x. But these solution do not satisfy the first equation of the
system, giving respectively

1 1 11
71—+ =
4+4\/? 4+4\/?7é0
1 1 11

In conclusion there are only two candidates to be minima,

P ={x=0,y=1,1 =0, =0}

1 3 1

2 { 4ay 47M1 y 12 4}

To check if they are maxima, minima or saddle points one has to see if the projected Hessian
of the Lagrangian is SPD etc. The Hessian of £ with respect to z,y is

0 1
Vel = Vien£(P) = Vi, ) £(P2) = (1 0) '

The gradient of the constraints is
—2r =2
VG(z,y) = ( 1 1y> :

With KKT conditions one has to project the Hessian of £ only with respect to the active
constraints, i.e. those for which g¢;(P;) = 0, in this case, ¢;(P;) =1 —-0—1 =0, g2(P1) =
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1-0—1/2#0and g(P) =1—1/16 —9/16 # 0, go(P,) = 3/4 — 1/4 — 1/2 = 0, so for P, is
active gy, for P, is active gs.

Vg (P1) = (_295 —29)

—(0 =) VaP)- (-1 1)

=(-1 1).

Py
A vector in the kernel of Vg, (P;) is w; = (1,0)7, a vector in the kernel of Vg,(P) is wy =
(1,1)T. Hence the projection of the Hessian becomes in the two cases

0 1) (1
w{ Vi, yL(P)wy = (1 0) <1 0) (0) =0,

0 1 1

So P, is a minimum point, but nothing can be concluded for P;.

Py

2 Exercise 2
Solve the following constrained minimization

fl@,y,2) =z +wy
subject to

24yt <1 z<y+ z.

2.1 Solution with KKT

First put the constraints in the form of the theorem, i.e. g;(x,y, z) > 0, this gives
gz, y,2)=1—-2>—y*>0 go(z,y,2) =y+z—x>0.

The next step is to build the Lagrangian,

L(w,y, p1, p2) = f(2,y,2) — 1g1(x,y, 2) — page(v,y, 2)
=ztay—m(l =2 =) —pa(y+2—x).

So using the (first order) KKT conditions, the associated non linear system is

oL

o =Yy +t2mr+pp=0
ox

oL

e =T +2y —pu2=0
Yy

oL

= —_1—

92 H2

pigr = (1—2”—y*) =0
page = po (y +2z — 1) =0
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with the conditions
p1 2> 0 f2 > 0 g1 >0 g2 > 0.

To solve the non linear system, it is convenient to divide it in the various cases.

e ;1 = 0. From g—f one has ps; = 1. In this way the general system simplifies to
y+z—x=0
r—1=0
y+1=0.
The solution is trivially z = 1, y = —1, and from the first equation -1+ 2 —-1=0 =

z = 2. One can check that this is not a valid candidate, because it does not satisfy the
constraint g; > 0.

e 15 = 0. From ?)—f =1 # 0, this is absurd, so there is no solution.
e /i1 = iz = 0. From % =1 # 0, this is absurd, so there is no solution.
e 1y #0and 1 — 22 — 4% = 0. Here there are two subcases:

- y = +v/1 — z2. From the equation u3g, = 0 there are two cases,
* 1o = 0. This implies as before % =1 # 0, so no solution.
* y+ z —x = 0. The resulting system becomes

y+z—x=0
y=+V1-2a?
T4+ 2mvV1I—a2—1=0
V1—224+ 2z +1=0.

From the last equation one has

1 —+/1— 22
oz =—1—+v1—22 = ulzz—xfora:;éo.
i

Putting this expression in the third equation gives,

1 — 1 — 22
0=a+ =21
X

R
T x
_xQ—m—l—i-xQ—x
x
2x2—x—1—m
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Removing the square root yields
dat +a? +1—42® — 42 + 20— 1422 =0
Azt — 423 — 22° + 22 =0

This equation has two trivial roots, x = 0 and x = 1, the other two can be
obtained from the reduction of the quartic to a quadratic, and are x = i\/g.
Now the solution = = 0 has to be discarded because of the discussion for p,

the solution z = 1 gives yy = —3 which is not valid, the solution = = ‘/75
gives j; = _1_721/2 = —1 — %% < 0 and is not valid, finally z = —@ gives
[y = —1:ﬁ1/2 =14+ L2 Thisy =y =%, 2 =2 —y = —/2. One can verify

that this solution satisfy the two constraints. In conclusion there is only one
valid candidate in this case,

P:{ V2 V2 1+¢§7M2:1}‘

g —_ — = — 2 —=
x 9 Yy 9’ z » M1 9
- y = —v/1 — 22. As in the previous case there are two possibilities:

x 115 = 0. In this case the choose 1, = 0 produces the same absurd as before.
x y + z —x = 0. The simplified system becomes

y+z—x=0
y=—v1-—2a2

r+2mv1i—22—-1=0
—V1—=224+2ur+1=0.

From the last equation one has

1_
Uy =1—7 = = — ~ for z # +1.

21 —x

Putting this expression in the third equation gives,

1—2z
_ _ 2 -7
0=—V1—2x mw+1

=—-(1-2%)—o+2>+V1—2?
=drt + 2% +1—42° — 42 + 22 — 1 + 22
= 4ot — 423 — 22% + 21

This is the quartic of the previous case, this time = = 1 is not a valid solution,

r = \/75 gives iy = ——12_\/15//22 =2- @ < 0 and is not valid, z = —*/75 gives
1

pr=—5 — ‘/75 < 0 is not valid. So in this case there are no solutions.
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e 15 # 0 and y + z — x = 0. Here there are two subcases

— 1 = 0. The simplified system becomes

y+z—x=0
y+1=20
r—1=0
so there is the trivial solution x = 1, y = —1, z = 2 but does not satisfy the

constraints.

— 1 — 2% — y? = 0. There the two subcases y = ++/1 — 22, but are identical as those
done before, so they give the same result.

In conclusion there is only one valid candidate, namely

The Hessian of the Lagrangian is

) 2/,L1 1 0
V(w,y,z)£ = 1 2,&1 0
0 0 0

The gradient of the constraints is

{2z -2y O
VG—(_l 1 1).

Now it is necessary to check if the constraints are active, i.e. if g;(P) = 0 or go(P) = 0. Thus

1
G(P)=1-5 =0

2 2
2 2

So both constraints are active and the whole gradient has to be considered

VG(P) = (f __\f ?)

To find a vector w = («, 3,7)" in the kernel of VG(P) one can solve this linear system

0= VG(P)w — (\/5 —V2 0> g _ (x/ia— ﬁﬁ)
y

-1 -1 1 —a+ B+
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A possible solution is w = (1, 1,0)%. The projection of the Hessian in this kernel is thus

1+v2 1 0\ /1
0 0 0 0

1+v2+1
(1 10)[1+v2+1] =1+V2+1+1+V2+1=4+2V2>0.
0

Hence P is a minimum point.



