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Solution of KKT problem of 27/8/2012
restart:
with(plots) :

Function to minimize
f := x*y ;

f := x y

Constraints
g1 := x-y^2+1 ;
g2 := y^3-x+1 ;

g1 := xK y2 C 1

g2 := y3 K xC 1
A := contourplot(g1, x=-5..5, y=-5..5,coloring=["white","blue"],
transparency=0.5,filledregions=true,contours=[0]):
B := contourplot(g2, x=-5..5, y=-5..5,coloring=["white","red"],
transparency=0.5,filledregions=true,contours=[0]):
display(A,B) ;
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Define the Lagrangian
L := f - mu1 * g1 - mu2 * g2 ;

L := x yKµ1 xK y2 C 1 Kµ2 y3 K xC 1

Set the KKT first order nonlinear system
EQ1 := diff(L,x) ;
EQ2 := diff(L,y) ;
EQ3 := mu1*g1 ;
EQ4 := mu2*g2 ;

EQ1 := yKµ1Cµ2

EQ2 := xC 2 µ1 yK 3 µ2 y2

EQ3 := µ1 xK y2 C 1

EQ4 := µ2 y3 K xC 1

Try mu1=mu2=0
subs(mu1=0,mu2=0,[EQ||(1..4)] ) ;

y, x, 0, 0
SOL1 := x=0,y=0,mu1=0,mu2=0;

SOL1 := x = 0, y = 0, µ1 = 0, µ2 = 0

Try mu1=0, mu2 != 0
EQS := subs(mu1=0,[EQ||(1..4)] ) ;

EQS := yCµ2, xK 3 µ2 y2, 0, µ2 y3 K xC 1
EQx := solve( EQS[4], {x}) ; EQmu2 := solve( EQS[1], {mu2} ) ;
subs( EQmu2, subs( EQx, EQS[2] )); EQy := solve( %, {y} ) ;

EQx := x = y3 C 1

EQmu2 := µ2 = Ky

4 y3 C 1

EQy := y = K
1
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SOL2 := op(subs(EQy[1],EQx)),op(EQy[1]),mu1=0,op(subs(EQy[1],EQmu2)
);

SOL2 := x =
3
4

, y = K
1
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Try mu2=0, mu1 != 0
EQS := subs(mu2=0,[EQ||(1..4)] ) ;

EQS := yKµ1, xC 2 µ1 y, µ1 xK y2 C 1 , 0
EQx := solve( EQS[3], {x}) ; EQmu1 := solve( EQS[1], {mu1} ) ;
subs( EQmu1, subs( EQx, EQS[2] )); EQy := solve( %, {y} ) ;

EQx := x = y2 K 1

EQmu1 := µ1 = y

3 y2 K 1

EQy := y =
1
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SOL3 := op(subs(EQy[1],EQx)),op(EQy[1]),mu2=0,op(subs(EQy[1],EQmu1)
);

SOL3 := x = K
2
3

, y =
1
3

 3 , µ2 = 0, µ1 =
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SOL4 := op(subs(EQy[2],EQx)),op(EQy[2]),mu2=0,op(subs(EQy[2],EQmu1)
);

SOL4 := x = K
2
3

, y = K
1
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 3 , µ2 = 0, µ1 = K
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SOL4 must be discarded because m1 < 0
Try mu2!=0, mu1 != 0
EQS := [EQ||(1..4)] ;
EQS := yKµ1Cµ2, xC 2 µ1 yK 3 µ2 y2, µ1 xK y2 C 1 , µ2 y3 K xC 1

subs( solve( EQS[3],{x} ),  EQS[4]) ; SOLy := solve( %, {y} ) ;
µ2 y3 K y2 C 2

SOLy := y = K1 , y = 1K I , y = 1C I
subs(SOLy[1],EQS[3] ) ; SOLx := x = 0 ;

µ1 x
SOLx := x = 0

SYSMU := subs( SOLy[1], subs( SOLx, EQS[1..2] )) ;
SYSMU := K1Kµ1Cµ2, K2 µ1K 3 µ2

solve( SYSMU, [mu1,mu2] ) ;

µ1 = K
3
5

, µ2 =
2
5

Discard the solution because mu1 < 0

Discussion of the first point
Hess := <<diff(L,x,x),diff(L,x,y)>|<diff(L,x,y),diff(L,y,y)>> ;

Hess :=
0 1

1 2 µ1K 6 µ2 y

subs( SOL1, [g1,g2] ) ;
1, 1

No constraint is active, the kernel is the whole R^2
subs(SOL1,Hess) ; LinearAlgebra[Eigenvalues](%) ;

0 1

1 0

1

K1

Discussion of the second point
subs( SOL2, [g1,g2] ) ;
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The second constraint is active
gradg2 := subs(SOL2,<diff(g2,x)|diff(g2,y)>) ;

gradg2 := K1
3
4
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Z := op(LinearAlgebra[NullSpace](gradg2)) ;

Z :=
3
4

 22 / 3

1

Hess2 := subs(SOL2,Hess) ;

Hess2 :=
0 1

1
3
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LinearAlgebra[Transpose](Z).Hess2.Z ;
3 22 / 3

The point is a minimum, satisfy sufficient condition.
Discussion of the last point
subs( SOL3, [g1,g2] ) ;
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The first constraint is active
gradg1 := subs(SOL3,<diff(g1,x)|diff(g1,y)>) ;

gradg1 := 1 K
2
3

 3

Z := op(LinearAlgebra[NullSpace](gradg1)) ;

Z :=
2
3

 3

1

Hess3 := subs(SOL3,Hess) ;

Hess3 :=
0 1

1
2
3

 3

LinearAlgebra[Transpose](Z).Hess3.Z ;

2 3

The point is a minimum, satisfy sufficient condition.


