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V Trasformata di Laplace

| > restart:
with(inttrans)

[Data la seguente funzione
> f := t -> t*Heaviside(1l-t)
+Heaviside(t-1) *Heaviside(2-t)
+(3-t) *Heaviside(t-2) *Heaviside(3-t) ;

f=t—t0(1-)+0(t—-1)0(2-#)+(3-1)0(t—2)0(3—7)
> plot(f(t),t=0..4,axesfont=[helvetica, 24]);




[Usando le regole di trasformazione calcolare le trasformate delle funzioni

7> f1 =t =-> f(t/3) 7
£2 := t -> £(t/2)*exp(-2*t) ;
£f3 := unapply( diff(f(t),t), t) ;

t

Pmfd)

R=img(g ]

3=t 0(1-t)—td(t—1)+0(t—=1)0(2—1)—-0(z—1) d(t-2)—-0(¢=2) 8(3 1)
+(3-1) 8(t—-2) 0(3—1)— (3—1) O(t—2) 8(t—3)

[Trasformate con le primitive Maple
> laplace(f(t),t,s);
laplace(fl(t),t,s);
laplace(f2(t),t,s);
laplace(f3(t),t,s);
1 _e—s_e—23+e—3s
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V¥ Soluzione di ODE con Laplace

[ > restart:
with(inttrans)

> src := t -> t*Heaviside(l-t)+Heaviside(t-1) ;
src:=1t—t0(1-1)+0(t—1)

> plot(src(t),t=0..4,axesfont=[helvetica, 24]);

EData la seguente equazione differenziale
[ > ode := diff(y(x),x)=src(x) ;
ode :=y'(x)=x0(1-x)+6(x—1)




LCon dato iniziale
> y0 := 10 ;
y0 =10

Calcolare le soluzioni con le trasformate di Laplace.
| Trasformo la equazione differenziale con la trasformata di Laplace

[ > sode := laplace(ode,x,s) ;

1-¢”
2
s

sode = s laplace(y(x),x,s)—y(0) =

> subs (laplace(y(x),x,s)=y(s),sode) ;

1-¢*

sy(s)-y(0) = —
s

[Risolvo la equazione per y(s)
> lode := isolate(sode,laplace(y(x),x,s));
1-¢*

5>— 1»(0)
S

lode == laplace(y(x),x, s) =

EApplico le condizioni iniziali ottenendo y(s)
> 1y := expand(subs( y(0)=yO,rhs(lode))) ;
1 1 10
=-S5+
S s e §

[Espansione in fratti semplici
> convert(ly, fullparfrac, s);
1 1 N 10

S sé s
[Antitrasformo per ottenere la equazione y(x)

> res := invlaplace(ly,s,t) ;
£oo(t-1) (t-1)*

= +10
res D 3

V¥ Soluzione di un sistema di ODE con Laplace

| > restart:
|  with(inttrans)
[Dato il seguente sistema di equazioni differenziali
> yp, zp, wp := diff(y(x),x),diff(z(x),x),diff(w(x),x);
yp, zp, wp =y’ (x), 2" (x), w'(x)

> odel := 3*yp -zp -wp = 0 ;

ode2 := -yp +3*zp -wp = 0 ;
ode3 := -yp -zp +3*wp = exp(-x) ;

(

odel :=3y'(x)—z' x)—w:(x) =0
ode2 = —y'(x)+3z'(x)-w'(x) =0




ode3 :=—y'(x)—z'(x)+3 w'(x) =€
[Con dato iniziale

> y0, z0, wO := 3, 2, 1 ;
v0,z0,w0 := 3,2, 1

:Calcolare le soluzioni con le trasformate di Laplace.
| Trasformo le equazioni differenziale con la trasformata di Laplace
> sodel := laplace(odel,x,s) ;
sode2 := laplace(ode2,x,s) ;
sode3 := laplace(ode3,x,s) ;
sodel = 3 s laplace(y(x),x,s)—3y(0)—slaplace(z(x), x, s) +z(0) —s laplace(w(x), x, §)

+w(0) =0

sode2 := —s laplace(y(x), x,s) +y(0)
+3 slaplace(z(x),x,s)—3 z(0) —s laplace(w(x), x,s) +w(0) =0
sode3 := —s laplace(y(x), x, s) +y(0) —s laplace(z(x), x, s) +z(0)

1
1+s

+3 s laplace(w(x),x,s) =3 w(0) =

> subs(laplace(y(x),x,s)=y(s),
laplace(z(x),x,s)=z(s),
laplace(w(x),x,s)=w(s),
sodel);

subs (laplace(y(x),x,s)=y(s),
laplace(z(x),x,s)=z(s),
laplace(w(x),x,s)=w(s),
sode2);

subs (laplace(y(x),x,s)=y(s),
laplace(z(x),x,s)=z(s),
laplace(w(x),x,s)=w(s),
sode3);

35y(s)=3y(0)—sz(s)+z(0)—sw(s)+w(0)=0

=sy(s)+y(0)+3sz(s)=3z(0)—sw(s)+w(0)=0

1
1+s

=sy(s)+y(0)—sz(s)+z(0)+3sw(s)-3w(0) =

ERisolvo la equazione per y(s), z(s)
> ys,zs,ws := laplace(y(x),x,s),laplace(z(x),x,s),laplace(w(x),x,
s)i

vs, zs, ws == laplace(y(x), x, s), laplace(z(x), x, s), laplace(w(x), x, s)

> RES := solve({sodel,sode2,sode3},{ys,zs,ws});
I1+2w(0)+2w(0
RES = {laplace(w(x),x,s)z w(0) ¥2w(0) s

25 (1+5) ’
laplace(a(), % 5) = 1+4:io()1++4sj(0) > laplace(y(x), x, 5) = 4y(04)S+(41y+(g)) s+1

|




LApplico le condizioni iniziali ottenendo y(s), z(s)
> SOL := subs(RES,y(0)=y0,z(0)=z0,w(0)=w0,<ys,zs,ws>);
13+12s

45 (1+s)

9+8s

45 (1+s)

3+2s
25 (1+s)

SOL :=

EAntitrasformo per ottenere y(x), z(x)

> yy := invlaplace(SOL[1l],s,x) ;
zz := invlaplace(SOL[2],s,X) ;
ww := invlaplace(SOL[3],s,X) ;
_1B_
W=y 4
9 e
zz = —— —
4 4
3 e”
WW = —— ——
2 2

[Espansione in fratti semplici per controllo

[ > convert(SOL[1], fullparfrac, s);
convert (SOL[2], fullparfrac, s);
convert (SOL[3], fullparfrac, s);

1 13

- - 4=
4 (1+s) 4s
1 9

- 4+~
4 (1+s) 4s
3

2s

_ 1
2 (1+s)

V Soluzione di ricorrenza con trasformata zeta

[ > restart:

[Risolvere la seguente ricorrenza

[ > RIC := 3*f(n+2) = 2*f(n+l) + £(n) - 1 ;
RIC:=3f(n+2)=2f(n+1)+f(n)-1

ECon dato iniziale

[ > INI := £(0)=0,£f(1)=1;

INI=f(0) =0, /(1) =1

EUsando le primitive di maple:

[ > rsolve({RIC,INI}, £f(k));




> simplify(%);

[Usando la Z-trasformata
> zRIC := ztrans(RIC,n,z);

ZRIC = 3 2 ztrans(f(n), n,z) =3 f(0) Z2=3 f(1) z=2 z ztrans( f(n), n,z) =2 f(0) z

+ztrans( f(n), n, z) — z
z—1
| Ricavo f(z)
| > zRICrhs := isolate(zRIC,ztrans(f(n),n,z));
37(0) 2+31(1)z=2£(0) z— Zl
o
zRICrhs = ztrans(f(n), n, z) = 3
3z-2z-1
EApplico le condizioni iniziali
[ > zRICrhsINI := subs(INI,zRICrhs);
3z— Zl
o
ZRICrhsINI += ztrans(f(n),n,z) = —5————
3z7-2z-1
[Conversione in fratti semplici
> convert (%, parfrac);
15 11 1

ztrans(f(n), n,z) = 16 (3z+1) " 16 (z—1) - 4 (z—l)2

[Inversione della Z-trasformata
> invztrans (zRICrhsINI,z, k) ;

Soluzione di un sistema non lineare con Newton

> restart:
| with(VectorCalculus):
[Sistema non lineare
> £ = 2%x - y + x*y + 1 ;
g := x + 2*y - x*y - 2 ;
f=2x-y+txy+l

g =x+2y-xy-2

[Soluzione esatta



> solve({f,qg},{x,v}) ;
y=1,x=0}, {x=2, y=-5)

[Matrice Jacobiano
> J := Jacobian([f,g],[x,Y¥]) ;
2+y —1+x

-y —x+2

[Schema di Newton
> Newton_update := simplify(<x,y>-J"(-1).<f,g>);
x (-1+y) 3xy-y-5
e+ e
3x-5-y ~ 3x=5-y )V

Newton_update = —

[Schema di Newton per questo sistema non lineare
> x[k+1]=simplify(subs(x=x[k],y=y[k],Newton_update[l]))
y[k+l]=simplify(subs(x=x[k],y=y[k],Newton_update[2]))

°
14

N :_xk (—1 +yk)
k+1 3x,-5-y,
3xy=y,~5
y, =
Bl 3x-5-y,
[Tre iterate a partire da (1,2)
> x[0],y[0]:= 1,2 ;
Xp Vo = 1,2

EPrima iterata

> x[1] := evalf(subs(x=x[0],y=y[0],Newton update[l])) ;
y[1l] := evalf(subs(x=x[0],y=y[0],Newton_update[2]))
x, = 0.2500000000

y, = 0.2500000000

ESeconda iterata
[ > x[2] := evalf(subs(x=x[1],y=yI[1l] Newton_update[l])) ;
y[2] := evalf(subs(x=x[1l],y=y[1l],Newton_update[2]))

x, = —0.04166666668

», = 1.125000000

[Terza iterata
> x[3] := evalf(subs(x=x[2],y=y[2],Newton_update[l])) ;
y[3] := evalf(subs(x=x[2],y=y[2],Newton_update[2]))

x, = —0.0008333333336

¥ = 1.002500000

TProblema di Minimo Vincolato

(> restart:



with(LinearAlgebra):

with(Optimization):

|  with(VectorCalculus):

[Minimizzare la seguente funzione

(> £ :=y;

f=y

[Soggetta ai vicoli

> v = [x*y"2*z=1,x+z=1] ;
v==[xy22=1,x+z=l]

ESoluzione con le primitive Maple
> Minimize(f, v );
[2.,[x=0.500000000000000000, y =2., z=0.500000000000000000]

[Uso dei moltiplicatori di Lagrange
> v1 := lhs(v[1l])-rhs(Vv[1l]) ;
v2 lhs(v[2])-rhs(Vv[2]) ;

v]===xygz—1

V2 i=x+z—1
> g := f - lambda*vl - mu*v2 ;
g::3y—k(x}gz—l)—u(x+z—l)

[Sistema non lineare da risolvere
> F := Gradient(g,[x,y,2,lambda,mu]) ;

F = (—7Ly2 z—u)éer (1-2 nyz)éer (—Xxyz—u)é;r (—xyzz+ 1 )Eer (—x—z+1 )EM

[Soluzioni del sistema non lineare
> _EnvExplicit := true ;
_EnvExplicit == true

> RES := op(sort([solve({F[1l],F[2],F[3],F[4],F[5]1},{x,y,2,1lambda,
mu})l));

1
RES :={ =2,z=—,A=1,x= —,uz—z}, {Z=

1
?, 7\,——1, y——2, X = 5, u—2
EPrima soluzione
> RES[1];

[Seconda soluzione
> RES[2];

[Controllo proprieta di minimo

> Hf := Hessian(f,[x,y,2]):
Hvl := Hessian(vl,[x,y,2z]):
Hv2 := Hessian(v2,[x,yY,2]):
Hf, Hvl, Hv2 ;




000]| 0 2yz »* [[000O
000[|2yz 2xz 2xy |0 0O

000(| 42 20y 0 [|000

> JH := Jacobian([vl,v2],[x,Y,2]) ;
NH := NullSpace(JH) ;
yzz 2xyz xy2
JH =
1 0 1
-1
—Z+x
NI = _(2_)y
zZXx
1

\ 4 Controllo minimo/massimo locale primo punto
> lambdal := subs(RES[1],lambda);

mul subs (RES[1] ,mu) ;
Al =1
ul = =2

[Calcolo 'Hessiano nel punto stazionario
> Hfl := simplify(subs(RES[1],Hf - lambdal. Hvl - mul. Hv2)) ;

0 2 -4

Hi =2 -2
2

4 -2 0

[L'Hessiano ¢ indefinito!, devo controllare nello spazio dei vincoli
> evalf (Eigenvalues (Hfl));

4.
1.076033675
—5.576033675

[Cerco nello spazio dei vincoli:
> 21 := subs(RES[1],0p(NH)) ;
-1
Zl=|0
1

[E' positivo per ogni alpha, quindi ¢ un minimo locale
> simplify(Transpose(alpha.Z1l).Hfl. (alpha.Z1l)) ;
2

8o




> subs(RES[1],f);
2

\ 4 Controllo minimo/massimo locale secondo punto
> lambda2 := subs(RES[2],lambda);

mu2 subs (RES[2] ,mu) ;
A2 ==-1
W i=2
> Hf2 := simplify(subs(RES[2],Hf - lambda2. Hvl - mu2. Hv2)) ;
0 2 4
|2 L
4 -2 0

[L'Hessiano ¢ indefinito!, devo controllare nello spazio dei vincoli
> evalf (Eigenvalues (Hf2));
—4,
5.576033675
—-1.076033675

ECerco nello spazio dei vincoli:
> 22 := subs(RES[2],0p(NH)) ;
-1
72=|0
1

[E' negativo per ogni alpha, quindi ¢ un massimo locale
> simplify(Transpose(alpha.Z2).Hf2. (alpha.z2)) ;
2

-8 o

> subs(RES[2],f);
-2

V Approssimazione di un problema del calcolo delle variazioni

[ > restart:
[Integrale da minimizzare
> int(y(x)*sqrt(l+diff(y(x),x)"2),x=0..1);
1

[ v 1707 ax
0

[Condizioni al contorno
> ya,yb :=1,1 ;
ya,yb == 1,1




> h := 1/n ;

> F := sum( (y[k+1l]+y[k])/2*sqrt(1+((y[k+1l]-y[k])/h)"2),k=0..n-1);

(y1+y0)/1+16yf—32y1y0+16y§ . (y2+y1)/1+16y§—32y2y1+16yf .
2 2

(y3+y2)/1+16y§—32y3y2+16y§ . (y4+y3)/1+16yj—32y4y3+16y§

2 2
E> eqns := [seq(diff(F,y[k]),k=1..n-1),y[0]-ya,y[n]-yb]:
> vars := [seq(y[k],k=0..n)];

vars = P}Oa yla yza y3a y4]

> res := fsolve({op(eqns)}, {op(vars)}) ;
ras:z{}b==L000000000,)2==LOOOOOOOOO,yl=4l3598476569,y2=(1213428813&

y3=(l3598476569}

> yy := subs(res,vars);
xx := seq(k/n,k=0..n);
yy :=[1.000000000, 0.3598476569, 0.2134288138, 0.3598476569, 1.000000000]

1 1 3
XX = O) Z& ?’ Z)l

"> plot([seq([xx[k],yy[k]], k=1..nops(yy))1);




0,96 —
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0,48 —

0,4—

0,32—

0,24 —

L L L L
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[ > with(VectorCalculus):with(LinearAlgebra):

> egns_fun := unapply(Vector([seq(simplify(subs(y[O]=ya,y[n]=yb,
eqns[i]),sqrt,symbolic),i=1..n-1)]),

vill,¥[2]1,v[3]); o

vars_reduced := [seq(y[i],i=1l..n-1)];

eqns fun:= (y 1,y 2,y 3)

— rtable [ 1.3,

|1 J17+16y 1>~32y I L 1+1) (32y 1-32)
2

4 17+16y 1*-32y I

(V116 230y 2y 1416y 1P (y2+y 1) (32y 2+32y 1)

2 40 1+16y =32y 2y 1+16y I

5 J1+16y 2=32y 2y 1+16y I L 24y 1) (32y.2-32y 1)
2

4 1+16y 22=32y 2y 1+16y I



LV HI6y F-30y 3y 2416y 2 (v 3+y.2) (32y 3+32.2)
2

40 1+16y 3-32y 3y 2+16y 2

s J1+16y 3#-32y 3y 2+16y 2 L (n3+y2) (32y.3-32y 2)
2

4 1+16y =32y 3y 2+16y 2

. J17-32y 3+16y 3 L, (1+7.3) (32432 3)
2 4 17-32y 3+16y 3

subtype="Vector, . storage=rectangular, order=Fortran_order,

, datatype = anything,

attributes =[coords = cartesian]]

vars_reduced = [yl, Yy y3]

> g := unapply (Matrix(simplify(Jacobian(eqns_fun(x,y,z),[%x,Y,2]),
sqrt,symbolic)),x,y,2)

.
14

J=(x,pz) rtable(l 23,13,

32 x-32 (x+1) (32x-32)* 8 (x+1)
(191): 5 - N 3/2 + 5

2/ 17+16°-32x 8 (17+16x°-32x) J17+16¥-32x
32432 x () (B32y+32x)°

302
2141617 -32px+16x%> 8 (1+16)°-32yx+16x") !

+

8 (y+ 8 (y+
. (y+x) (1,2) = 2 (y+x) —
J1+1617-32 yx+16 2 (1+167-32 yx+16 1%
8 (y+x)
(2. 1)=- 2 2\3127
(1416 y" =32 yx+16 x°)
2,2) = 32y-32x (y+x) (32y-32x)>
» =) B 3]2
2141617 -32px+16x% 8 (1+16)°-32yx+16x") !
N 8 (y+x)

J 1416732 px+16 5

. 322432y _ (zty) (B32z+32y)°
) 3 2 2\3 12
21416 2-322y+16)2 8 (1+162-32zy+16)7)
8 (z+ 8 (z+
N (z+)) (2,3) = (z+))

3127
J1+162-322y+16° (1+16 2-322zy+16)7%) !



(3.2) =- 8 (z+y) -

(1416 2-32zp+1652) !

(3,3) = 32z-32y (z+y) (322-32y)?
2 a 32
2/ 1+4162-322p+16)° 8 (1+162°-322y+16)") !
) 8 (z+y) L 732432z (l+2) (-32+322z)°

302
J1+162-322p+161° 2 17-322+167 8(17—322+1622)I

8 (1+z2)

, datatype = anything, subtype = Matrix, storage = rectangular,
J17-322+167

order =F\ ortran_order]

> Newton_update := Z -> Z-LinearSolve(J(Z[1],Z[2],Z[3]),eqns_fun(Z
[11,2[2],Z2[3]));
Newton _update = Z— VectorCalculus:-

+(Z, VectorCalculus:--(LinearAlgebra:-LinearSolve(J (Z Z,7Z ),

7273
eqns_fun(Zl, Z, Z3) ) ) )

> z0 := <1,1,1>;
Z0:=e te te
x y z

> Z1 := evalf(Newton_update(Z0));
Z1 = (O.9062500000)€x+ (0.8750000000)ey+ (O.9062500000)ez

> z2 := evalf (Newton_update(Z1l));
Z2 := (0.88773698710000004 1 Je + (0.851183777399999952)ey
+(0.887736987100000041 Je.

> 23 := evalf (Newton_update(z2));
Z3 = (0.886489832700000035 )ex+ (0.849713121600000008)ey

+(0.886489832700000035 )e_

> yyy := [1,seq(Z3[k],k=1..3),1] ;
yyy = [1, 0.886489832700000035, 0.849713121600000008, 0.886489832700000035, 1]

"> plot([seq([xx[k],yyy[k]], k=1..nops(yy))1);




0,85

L L L L
o0 01 02 03 04 05 06 07 08 09 10

LR

> # Newton con molti piu punti!
> n := 100 ;
n = 100
> h := 1/n ;
1

100

[> F := sum( (y[k+1]+y[k])/2*sqrt(l+((y[k+1]-y[k])/h)"*2),k=0..n-1):
[> eaqns [seq(diff(F,y[k]),k=1..n-1),y[0]-ya,y[n]-yb]:

> vars [seq(y[k],k=0..n)];

vars

=P Ve Yy Ve Vg Vs Yo Yp Ve Yo V19 Y11 V1 Vi3 Vig Viss Vie Y1z Vig V1o Yoo Var
Y220 Y230 Your Vos: Vo Vo Vag> V290 V300 V310 Vapr V330 V3 V350 Vier V37 Vago Vagr Yaor Varo
Var Vaz Vag Vas Vag Yar Yag Yaor Vsor Vs10 Vs Vszo Vsar Vs Vs Vs Vsgr Vsor Veor Ve
Yo Y30 Yoar Vo Voor Yor Vos» Yeor Y100 Y710 Y720 V730 V340 V750 Vaer Voo Vag> Y290 Ysoo Vs

Yaor Va3 Ysar Vs Vo V7 Vsse Vsor Yoo Yo10 Yorr Yo3» Your Yos: Yoo Yoz Vogs Voor V1o




> eqns_fun := unapply(Vector([seq(simplify(subs(y[0O]=ya,y[n]=yb,
eqns[i]),sqrt,symbolic),i=1..n-1)]),
seq(y[k]l,k=1..n-1)): o
vars_reduced := [seq(y[i],i=l..n-1)]:

> J := unapply(Matrix(simplify(Jacobian(eqns_fun(seq(y[k],k=1l..n
-1)),[seq(y[k],k=1..n-1)]),sqrt,symbolic)),seq(y[k], k=1l..n-1)):

> Newton_update := Z -> Z-LinearSolve(J(seq(Z[k],k=1l..n-1)),
eqns_fun(seq(Z2[k] ,k=1..n-1)));

Newton_update == Z— VectorCalculus:-

+(Z
, VectorCalculus:--( LinearAlgebra:-
LinearSolve(J (seq(Zk, k=1 ..VectorCalculus:-+(n, VectorCalculus:--(1)) ) ),

eqns_fun(seq(Zk, k=1 ..VectorCalculus:-+ (n, VectorCalculus:--(1)) ) ) ) ) )

> Z0 := <seq(l,k=1l..n-1)>;
1..99 Vector

column

Data Type: anythin
70 - yp Yy g

Storage: rectangular

Order: Fortran_order

> Z1 := evalf(Newton_ update(Z0));
1 .. 99 Vector
column
77 = Data Type: anything
Storage: rectangular
Order: Fortran_order
> 22 := evalf(Newton_update(Z1l));
1 .. 99 Vector
column

Data Type: float,
72 =

Storage: rectangular
Order: Fortran_order

> 23 := evalf(Newton_update(22));
1 .. 99 Vector

column

Data Type: float,

Storage: rectangular

Order: Fortran_order

> yyy := [1l,seq(Z23[k],k=1..n-1),1]:
xxx := [seq(k/n,k=0..n)]:

> plot([seq([xxx[k],yyy[k]l], k=1l..nops(yyy))1):;
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