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Introduction

In this lecture some classical numerical
scheme for the approximation of the zeroes
of nonlinear one-dimensional equations are
presented.

The methods are exposed in some details,
moreover many of the ideas presented in this
lecture can be extended to the
multidimensional case.

Be
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The problem we want to solve

Given f :[a,b] — R
Find a € [a, b] for which f(a) = 0.

Example
Let

f(z) = log(z) — 1

which has f(a) = 0 for a = exp(1).
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Some example

Consider the following three one-dimensional problems
Q f(x)= x* — 1223 + 4722 — 60x;
Q g(v) = 2* — 1223 + 4722 — 60z + 24;
Q@ h(z) = 2* — 1223 4 472° — 60z + 24.1;

The roots of f(x) are x =0, z =3, z =4 and x = 5 the real
roots of g(x) are x = 1 and x ~ 0.8888; h(x) has no real roots.

So in general a non linear problem may have
@ One or more then one solutions;

@ No solution.
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Plotting of f(x), g(x) and h(x)

20.0
\ f0) —/—
\ g(x)
15.0 |- \ he3) .
\ /
/
100 | \ / s
\
\
5.0 | | .
\ . //
0.0 - SN _
50 L |
\
100 | \ 4
\\
\
-15.0 |- |
-20.0 ! ! ! ! ! I
10 0.0 10 2.0 30 40 50 6.0

One Dimensional Non-Linear Problems 6 /63



Plotting of f(x), g(x) and h(x) (zoomed)
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The Newton—Raphson method
Outline

@ The Newton—Raphson method
@ Standard Assumptions
@ Local Convergence of the Newton—Raphson method
@ Stopping criteria
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The Newton—Raphson method
The original Newton procedure

Isaac Newton (1643-1727) used the following arguments

e Consider the polynomial f(z) = 23 — 22 — 5 and take x ~ 2
as approximation of one of its root.

@ Setting x = 2 + p we obtain f(2 +p) = p3 + 6p? + 10p — 1, if
2 is a good approximation of a root of f(x) then p is a small
number (p < 1) and p? and p3 are very small numbers.

o Neglecting p?> and p3 and solving 10p — 1 = 0 yields p = 0.1.

e Considering
fR+p+q)=f(2.1+q) = ¢* +6.3¢°> + 11.23¢ + 0.061,
neglecting ¢3 and ¢? and solving 11.23¢ + 0.061 = 0, yields
q = —0.0054.

@ Analogously considering f(2 + p + q + ) yields
r = 0.00004863.

Be
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The Newton—Raphson method
The original Newton procedure

Further considerations

@ The Newton procedure construct the approximation of the
real root 2.094551482... of f(z) = 23 — 22 — 5 by successive
correction.

@ The corrections are smaller and smaller as the procedure
advances.

@ The corrections are computed by using a linear approximation
of the polynomial equation.

B
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The Newton—Raphson method

The Newton procedure: a modern point of view

o Consider the following function f(z) = 23/2 — 2 and let
x ~ 1.5 an approximation of one of its root.

@ Setting x = 1.5 + p yields
f(1.54 p) = —0.1629 + 1.8371p + O(p?), if 1.5 is a good
approximation of a root of f(z) then O(p?) is a small number.

e Neglecting O(p?) and solving —0.1629 + 1.8371p = 0 yileds
p = 0.08866.

e Considering
f(1.5+p+q) = f(1.5886+¢q) = 0.002266+1.89059¢ + O(q¢?),
neglecting O(¢?) and solving 0.002266 + 1.89059¢ = 0 yields
g = —0.001198.

Be
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The Newton—Raphson method

The Newton procedure: a modern point of view

The previous procedure can be resumed as follows:

@ Consider the following function f(x). We known an
approximation of a root .

© Expand by Taylor series

f(z) = f(20) + f'(20)(z — 20) + O((x — 20)?).
© Drop the term O((z — 29)?) and solve

0= f(x0) + f'(20)(z — x9). Call 21 this solution.
©Q Repeat 1 — 3 with 71, o, 3, ...

Algorithm (Newton iterative scheme)

Let xy be assigned, then for k =0,1,2, ...

Tpaq — 2 — f () .
f' () &

v
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The Newton—Raphson method

The Newton procedure: a geometric point of view

Let f € C}(a,b) and 79 be an
approximation of a root of f(x).
We approximate f(z) by the tangent

line at (20, f(20))” .

%

y = f(0) + (z — 20) f'(70). () —

The intersection of the line (x) with the x axis, that is z = x3, is
the new approximation of the root of f(z),

0= f(w) + (11— ) f'(w0), =  ao1=m0-— ]{((;))
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Standard Assumptions

The Newton—Raphson method

Standard Assumptions

Definition (Lipschitz function)

a function g : [a,b] — R is Lipschitz if there exists a constant -y
such that

9(z) = g(y)| < vz -yl
for all z,y € (a,b) satisfy

Example (Continuous non Lipschitz function)

Any Lipschitz function is continuous, but the converse is not true.
Consider g : [0,1] — R, g(x) = y/x. This function is not Lipschitz,
if not we have

‘ﬁ—«@sﬂx—ol

but lim,_,o+ v/z/x = 0. &
v



The Newton—Raphson method Standard Assumptions

Standard Assumptions

In the study of convergence of numerical scheme, some standard
regularity assumptions are assumed for the function f(x).

Assumption (Standard Assumptions

N
N

The function f : [a,b] — R is continuous, derivable with Lipschitz
derivative f'(x). i.e.

’f/(x)—f/(y)|§fy|:v—y| V:U,ye[a,b]

Lemma (Taylor like expansion)

Let f(x) satisfy the standard assumptions, then

FW) — f@) = f@)y—2)| < Tz —yP.  Voyelab)

Be
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The Newton—Raphson method Standard Assumptions

Proof of Lemma

From basic Calculus:
F) = 5@) = @ =) = [(17() - P ds

making the change of variable z = z + t(y — x) we have

1
fly) = f(2) = flz)(y — =) = /0 [f'(z +t(y — =) = f'(2)](y — =) dt
and

1
\f(y)—f(w)—f’(w)(y—x)léfo vtly —ally — ol dt =1 Jy— af

B
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The Newton—Raphson method Local Convergence of the Newton—Raphson method

Theorem (Local Convergence of Newton method)

Let f(x) satisfy standard assumptions, and o be a simple root (i.e.
f(a) #0). If |zg — | < § with CS < 1 where

g
“ @
then, the sequence generated by the Newton method satisfies:
Q |z —a|<dfork=0,1,2,3,...
Q |21 —a| <Clz—al® for k=0,1,2,3,...

e |imk,_>oo T — (.

Be
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The Newton—Raphson method Local Convergence of the Newton—Raphson method

proof of local convergence

Consider a Newton step with |z — a| < § and

fa) — fle) _ fo) — fa) — f'(aw)(a — a)
[ () f' ()

taking absolute value and using the Taylor expansion like lemma

Tp+1 — O = Tjp — O —

ok 1 — af <y la, — ol /(2] f(w)])

f' € Cl(a,b) so that there exist a § such that 2 |f/(z)] > |f' ()
for all |z — o] < §. Choosing d such that vd < |f/(«)| we have

w1 — o] SCl— o’ <z —al,  C=7/|f(a)]

By induction we prove point 1. Point 2 and 3 follow trivially.
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The Newton—Raphson method Stopping criteria

Stopping criteria

An iterative scheme generally does not find the solution in a finite

number of steps. Thus, stopping criteria are needed to interrupt
the computation. The major ones are:

Q |f(zmpr1)l <7

Q |mhy1 — m| < 7 |Tpp1]

Q [zit1 — m| < 7 max{|zkl, |zg+1]}
Q |zr11 — x| < 7max{typ x, |xxi1|}

Typ x is the typical size of x and 7 = /e where ¢ is the machine
precision.

Be
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Convergence order

Outline

© Convergence order
@ (Q-order of convergence
@ R-order of convergence
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Convergence order

Convergence of a sequence of real number

The inequality |21 — o < C' |z — of® permits to say that
Newton scheme is locally a second order scheme. We need a
precise definition of convergence order; first we define a convergent
sequence

Definition (Convergent sequence)

Let o € R and a, € R, k=0,1,2,... Then, the sequence {zy} is
said to converge to a if

lim |2 —«a| = 0.
k—o0

Be
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Convergence order

Q-order of convergence

Definition (Q-order of a convergent sequence)
Leta € Rand x, € R, k=0,1,2,... Then {x} is said:

© ¢-linearly convergent if there exists a constant C € (0,1) and
an integer m > 0 such that for all k > m

|21 — o < Clag — qf

@ (-super-linearly convergent if there exists a sequence {C},}
convergent to 0 such that

|1 — af < C |z — o

© convergent sequence of gq-order p (p > 1) if there exists a
constant C' and an integer m > 0 such that for all k > m

|2Zk41 — af < Oz — af”

B
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Convergence order Q-order of convergence

Quotient order of convergence

The prefix q in the g-order of convergence is a shortcut for
quotient, and results from the quotient criteria of convergence of a
sequence.

Let o €e R and a, € R, k=0,1,2,... Then {x}} is said:
© q¢-quadratic if is g-convergent of order p with p = 2

© ¢-cubic if is g-convergent of order p with p = 3

another useful generalization of g-order of convergence:

Definition (j-step g-order convergent sequence)

Let o € R and ap € R, k=0,1,2,... Then {x} is said j-step
q-convergent of order p if there exists a constant C and an integer
m > 0 such that for all k > m

|Te+j — | < Oz — aff b

v
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Convergence order R-order of convergence

Root order of convergence

There may exists convergent sequence that do not have a g-order
of convergence.

Example (convergent sequence without a g-order)
Consider the following sequence
{ 1+27% if kis not prime
T —
1 otherwise

it is easy to show that limg,_.. zx = 1 but {3} cannot be g-order
convergent.

B
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Convergence order

R-order of convergence

Root order convergence

Definition (R-order convergent sequence)

sequence, i.e. there exists m and C' such that

7 —a| <Clyx—al,  k>m.

Then {xy} is said at least:
@ r-linearly convergent if {yx} is q-linearly convergent.
@ r-super-linearly convergent if {yx} is q-super-linearly
convergent.

© convergent sequence of r-order p (p > 1) if {yr} is a
convergent sequence of g-order p.

A weaker definition of order of convergence is the following

Let « € R and {x;}72, C R. Let {yx}?2, C R be a dominating

g
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Convergence order R-order of convergence

r-order of convergence.

Example

Consider again the sequence

{ 1+27% if kis not prime
T —
1 otherwise

it is easy to show that the sequence

{w} ={1+27"}
is g-linearly convergent and that

ok — 1| < |y — 1

fork=0,1,2,....

Convergent sequences without a g-order of converge but with an
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Convergence order R-order of convergence

The g-order and r-order measure the speed of convergence of a
sequence. A sequence may be convergent but cannot be measured
by g-order or r-order.

The sequence {2} = {1+ 1/k} may not be g-linearly convergent,
unless C' < 1 becomes
1

-1 <C -1 = —<
[zp1 — 1] < Clay — 1 1S

= Q

also implies

K(1—C)—C
RhtD) =

have that for £ > C/(1 — C) the inequality is not satisfied.

Be
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The Secant method

Outline

© The Secant method
@ Local convergence of the the Secant Method
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The Secant method
Secant method

Newton method is a fast (g-order 2) numerical scheme to
approximate the root of a function f(z) but needs the knowledge
of the first derivative of f(x). Sometimes first derivative is not
available or not computable, in this case a numerical procedure to
approximate the root which does not use derivative is required.

A simple modification of the Newton—Raphson scheme where the
first derivative is approximated by a finite difference produces the
secant method:

f (@) o — Jl) = fla-1)

Tk+1 — T — ) k —
ag Lk — Tk—1
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The Secant method

The secant method: a geometric point of view

Let us take f € C(a,b) and 29 and x; be
different approximations of a root of f(x). We

can approximate f(z) by the secant line for ‘/
(20, f(20))" and (a1, f(z1))".
f (o) (a1 — ) + f(a1)(w — m) —

y = P . (%)

The intersection of the line (%) with the = axes at x = 1, is the
new approximation of the root of f(z),

~ flwo)(m — 22) + f(m) (12 — 10) o f(z1)
0= z — T ST TR TR — fw)
I1 — o

B
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The Secant method

Algorithm (Secant scheme)
Let xy # 1 assigned, for k =1,2,....

Tpa1 = T — f (k) _ 1S (2r) — o f (Th—1)
T f () — fmea) Fa) — f(we_1)
T — Tp—1

v

Remark

In the secant method near convergence we have f(ay) ~ f(ar_1),
so that numerical cancellation problem may arise. In this case we
must stop the iteration before such a problem is encountered, or

we must modify the secant method near convergence.

Be
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The Secant method Local convergence of the the Secant Method

Local convergence of the Secant Method

Let f(x) satisfy standard assumptions, and . be a simple root (i.e.
f'(a) #0); then, there exists § > 0 such that C'§ < exp(—p) < 1
where

gl
C = and D
|f(a)l
For all z9, 11 € [a — 0, + 9] with xp # x1 we have:
Q |z —a| <6 fork=0,1,2,3,...

@ the sequence {xy} is convergent to o with r-order at least p.

= 1.618034 ...

1445
2

v
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The Secant method Local convergence of the the Secant Method

Proof of Local Convergence (1/5)

Subtracting « on both side of secant scheme

S () _ f(@—1)

I — Tp—1 — ¢

f(o) — f(ap-1)

Tpr1 — o = (1 — a)(ap—1 — @)

Moreover, because f(a) =0

floe)  flae—1)  fla) — fle)  floe—1) — fo)

T — X Tp—1 — @ I — Tp—1 — ¢

flag) — floe—1) fo) — fae—1) ’

flaw) = fla)  flog—1) — f(e)
T Tp—1 — (f(fﬂk)f(xk—l))l

Tk — Tk—1 Tk — Tk—1

Be
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The Secant method Local convergence of the the Secant Method

Proof of Local Convergence (2/5)

From Lagrange ! theorem and divided difference properties (see
next lemma):

f(x) — f(ap—1)

= f'(nx), e € I[zr—1, %),

(f (o) = f(@)/ (2 — @) = (f(aw-1) = fla)) /(w1 — @)

Ty — Tk—1

<
-2

where I[a,b] is the smallest interval containing a, b By using these
equations, we can write

|1 — of < |z — af |ag—1 — e € I[xp—1, xk]

7
2[f" (i)l

! Joseph-Louis Lagrange 1736—1813



The Secant method Local convergence of the the Secant Method

Proof of Local Convergence )

As « is a simple root, there exists 0 > 0 such that for all
x € [a— 0,0 + ] we have 2|f'(z)| > |f'(«)]; if 2 and x;_1 are in
x € [a — 0, + ] we have

|Th1 — o < Clag — af [zp-1 — o
by reducing §, we obtain C'é < exp(—p) < 1, and by induction, we
can show that o3 € [ — §,a+ §] for k =1,2,3,...
To prove r-order, we set ¢; = C'|z; — | so that

[Tpr1 — ol S Clog —af |m—1 —a] = eiy1 <eiei

Be
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The Secant method Local convergence of the the Secant Method

Proof of Local Convergence (4/5)

Now we build a majoring sequence {F}} defined as
E1 =max{eg,e1}, Ep > F1 and Ex11 = ExEp_1. It is easy to
show that e, < E}, in fact

err1 < epep_1 < BBy 1 = Egya.
By searching a solution of the form Ej, = Egexp(—z*) we have

k:—l) kz—l)7

exp(—2"T1) = exp(—2"*) exp(—2 = exp(—2z~F — 2

so that z must satisfy:

1+ 5 1.618034 ...
Z2ZZ—|—1, — 2172: \/__{
—0.618034 ...
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The Secant method Local convergence of the the Secant Method

Proof of Local Convergence (5/5)

In order to have convergence we must choose the positive root so
that Ej, = Egexp(—p*) where p = (1 4+ +/5)/2. Finally

Eo > F1 = Eyexp(—p). In this way we have produced a majoring
sequence F. such that

2, — | < MEj, = MEqgexp(—p")
let us now compute the g-order of {Fj}.

Ery1  MEgexp(—p"?)
E; a M7 E§ exp(—rp¥)

= Cexp(—p"* +1pb), C=(ME)"™Y"

and, by choosing r = p, we obtain Fj 1 < CE;.
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The Secant method Local convergence of the the Secant Method

Lemma

Let f(x) satisfying standard assumptions, then

flat+h) = fle)  fla—Fk)— fla)
h k
h+k

IA
N[ =2

The proof use the trick function

flatth) — flo) — fla—tk)— fa)

G(t) == h P k :

Note that G(1) is the finite difference of the lemma.
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The Secant method Local convergence of the the Secant Method

Proof of lemma

The function H(t) := G(t) — G(1)t?is0int=0and t = 1. In
view of Rolle's theorem? there exists an i € (0,1) such that
H'(n) =0. But

fl(a+th) — f'(a — tk)
h+k ’
by evaluating H'(n) we have G'(n) = 2G(1)n. Then

f'(a+nh) — f'(a —nk)
2n(h + k)

H'(t) = G'(t) - 2G(1)t, G'(t) =

G(1) = %G’(n) -

The thesis follows by taking |G(1)| and using the Lipschitz
property of f/(x).

Be

2Michel Rolle 1652-1719
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The quasi-Newton method
Outline

@ The quasi-Newton method
@ Local convergence of quasi-Newton method
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The quasi-Newton method

Quasi-Newton method

A simple modification on Newton scheme produces a whole classes
of numerical schemes. if we take

f ()

Tp+1 = T — a )
k

different choice of a; produce different numerical scheme:
Q If ap = f'(x) we obtain the Newton Raphson method.
@ If ap = f'(x0) we obtain the chord method.

@ If ap = f'(x,) where m = [k/p]p we obtain the Shamanskii
method.

f() — f(@p-1)

Q If ap = we obtain the secant method.
Tk — Tk—1
Q If ap = fak) - i(ﬂ% ~ hw) we obtain the secant finite
difference method% §'§

The quasi-Newton method

By choosing hy, = x_1 — x in the secant finite difference method,
we obtain the secant method, so that this method is a
generalization of the secant method.

If hi. # x1._1 — a1 the secant finite difference method needs two
evaluation of f(x) per step, while the secant method needs only
one evaluation of f(x) per step.

In the secant method near convergence we have f(xx) ~ f(xrx_1),
so that numerical cancellation problem can arise. The Secant

Finite Difference scheme does not have this problem provided that
hy is not too small. &
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The quasi-Newton method Local convergence of quasi-Newton method

Local convergence of quasi-Newton method (1/3)

Let o be a simple root of f(x) (i.e. f(«) # 0) and f(x) satisfy
standard assumptions, then we can write

Tl — @ = 1 — a — a; " f ()
= a; ' [f(a) = far) — ar(a — )]
= a; ' [£(@) = f(m) = f'(m)(a — )
+(f'(2r) — ar) (o — a3,)]

By using thed Taylor Like expansion Lemma we have

-1 (7
21— al < larl ™ (F lox — ol + |£(@) — el ) lay —

Be
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The quasi-Newton method Local convergence of quasi-Newton method

Local convergence of quasi-Newton method (2/3)

Lemma

If f(x) satisfies standard assumptions, then

_f(w)—;‘;(w—h)|<vh

f(z) <5

from the Lemma we have that the finite difference secant scheme
satisfies:

gl
Tpt] — §—<xk—oz+hk> T — O
e — o] < 57 (o — ol 4 ) oy ol

Moreover, form
|/ ()| < |f(an) — ar| + |a] < |ax] + %hk

it follows that

=i ( )
_al < _ h _
[Tk — af < 5 RO |k — | + g ) |z — @ 5
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The quasi-Newton method Local convergence of quasi-Newton method

Local convergence of quasi-Newton method (3/3)

Theorem

Let f(x) satisfies standard assumptions, and o be a simple root;
then, there exists § > 0 and n > 0 such that if |1 — a| < § and

0 < |hi| < n; the sequence {xy} given by
X, ) — floe — h
:ck+1::1:k—f( k:)) ak:f( k) — Sz k:)’
ag hk
fork = 1,2, ... is defined and q-linearly converges to a. Moreover,

Q Iflimy_ o hy = 0 then {x} q-super-linearlyconverges to «.
@ If there exists a constant C' such that |hy| < C' |z, — o or
\hi| < C'|f(a)| then the convergence is q-quadratic.

@ If there exists a constant C' such that |hy| < C' |z — x3_1|
then the convergence is:

e two-step g-quadratic;
e one-step r-order p = (1 + /5)/2. §‘

v
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Fixed—Point procedure
Outline

@ Fixed—Point procedure
@ Contraction mapping Theorem
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Fixed—Point procedure

Fixed—Point procedure

Definition (Fixed point)
Given a map G : D C R™ — R™ we say that x, is a fixed point of
G if:

. = G(x,).

Searching a zero of f(x) is the same as searching a fixed point of:

g(z) =z — f(=).

A natural way to find a fixed point is by using iterations. For
example by starting from 29 we build the sequence

Tra1 = g(m), k=1,2,...

We ask when the sequence {z;}5°, is convergent to . &
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Fixed—Point procedure

Example (Fixed point Newton)

Newton-Raphson scheme can be written in the fixed point form by
setting:
f(z)
g(r) =2x —
E) =2~ 5) /
Example (Fixed point secant)

Secant scheme can be written in the fixed point form by setting:

w2 f(11) — 11 f(22)
G(x) = f(m1) — f(22)

1
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Fixed—Point procedure Contraction mapping Theorem

Contraction mapping Theorem

Theorem (Contraction mapping)
Let G: D+— D C R"™ such that there exists L. < 1

IG(x) =G(Y)| < Lllx—yll,  YxyeD

Let xo such that B,(xo) = {x| ||z — zo|| < p} C D where
p = 11G(xo0) — ol /(1 — L), then

@ There exists a unique fixed point x, in B,(xo).

@ The sequence {x} generated by xj.1 = G(x) remains in
B,(xo) and g-linearly converges to x, with constant L.

© The following error estimate is valid
Lk
1—L ] §
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Fixed—Point procedure Contraction mapping Theorem

[ — 2| < [|21 — 20

Proof of Contraction mapping (1/2)

Prove that {xx}¢° is a Cauchy sequence

|k ym — @pll < Ll @hm-1 — 2pall <o < LY |2 — 2o

and
m—1 m—1
| — @oll < > @y — | < > L@y — @0
1=0 1=0
1—-L™ Ha:l —m()”
< _ x| < EL 00
S gop el =57
so that
Lk:
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This prove that {x}}3° C B,(xo) and that is a Cauchy sequence. &



Fixed—Point procedure Contraction mapping Theorem

Proof of Contraction mapping (2/2)

Prove existence, uniqueness and rate

The sequence {x}3° is a Cauchy sequence so that there is the
limit &, = limg,_, o xg. To prove that x, is a fixed point:

2. — G(@.)|| < [l@. — 2]l + llzx — Gla)] + 16(xx) - G(a.)|
< (14 D), -z + L a1 — ol — 0

Uniqueness is proved by contradiction, let be & and y two fixed
points:

|z -yl = G(x) = G(y)[| < Lz -y < llz—yl
To prove convergence rate notice that g, — x, for m — oo:
|k = @all < 2k = sl + 24 — 2]
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Fixed—Point procedure Contraction mapping Theorem

Newton-Raphson in fixed point form
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|21 = ®ol| + [[Thtm — 2] B«

If v is a simple root of f(x) then

Sy~ @@

(f(e))?

If f(x) € C? then ¢/(x) is continuous in a neighborhood of o and
by choosing p small enough we have

J@)|<L<1l, welo—pato

From the contraction mapping theorem, it follows from that the
Newton-Raphson method is locally convergent when « is a simple
root. J &
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Fixed—Point procedure Contraction mapping Theorem

Fast convergence

Suppose that « is a fixed point of g(x) and g € CP with

g(@)=g"(a)=--=g¥" () =0,
by Taylor Theorem

o(z) = g(a) + (‘”’”;—!‘“)pg@)(n),

so that

al?.

(p)
g
|Th41 — of = |g(mr) — g(a)] < w |z, —

If g(P)(2) is bounded in a neighborhood of « it follows that the
procedure has locally g-order of p.

Be
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Fixed—Point procedure Contraction mapping Theorem

Slow convergence (1/2)

Newton-Raphson in fixed point form

LW @)
D=2y IO e

If o is a multiple root, i.e.
f(x) = (z — a)"h(x), h(a) # 0 n>1
it follows that
f'(x) = n(z — a)" *h(z) + (¢ — )W (z)
(@) = (z — a)" 2[(n® — n)h(z) + 2n(z — Q) (z) + (z — a)*h" (2)]

B
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Fixed—Point procedure Contraction mapping Theorem

Slow convergence (2/2)

Consequently,

so that
1
/ — —_ —
9'(a)] =1 — < 1

and the Newton-Raphson scheme is locally g-linearly convergent
with coefficient 1 — 1/n.

Be
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Stopping criteria and g-order estimation

Outline

@ Stopping criteria and g-order estimation &
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Stopping criteria and g-order estimation

Stopping criteria for g-convergent sequences

© Consider an iterative scheme that produces a sequence {xy}
that converges to a with g-order p.

@ This means that there exists a constant C such that

|z r1 — ol <Ol — aff for k > m
Q If limp_ M exists and converge say to C' then we
|z — af
have
|71 — ol = Oz, — aff for large k

© We can use this last expression to obtain an estimate of the
error even if the values of p is unknown by using the only
known values. §‘
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Stopping criteria and g-order estimation

Stopping criteria g-convergent sequences

Q If |11 — o] < Clay — aff we can write:
|2 — af < |2k — ] + 241 —
< |2k — Bt | + C |z — af?
Y

|$k - il?k_|_1|
1—C |z —aff™

|z —

@ If z; is so near to the solution that C' |z, — P < %, then
|7k — af < 2[zp — T4
© This fact justifies the two stopping criteria

g1 —ag| < 7 Absolute tolerance

|Ter1 — x| < 7 max{|zk|,|zxs1|} Relative tolerance &
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Stopping criteria and g-order estimation

Estimation of the g-order

© Consider an iterative scheme that produce a sequence {}}
converging to o with g-order p.

Q If |11 — a| = C'|z — aff then the ratio:

_ C lag — off =
og [T =l M:(p_1)|og0p—llxk—a

~

|7 — |7 —

and analogously

P |3 — a|p2

|O |$k+2 - Oé‘
Clz — aff

~ log
|1 — @

1
=p(p—1)log Cr-1 |23, —

© From this two ratios we can deduce p as follows

k2 —af /)t —of

log g R p
|Tpt1 — f |z — §‘
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Stopping criteria and g-order estimation

Estimation of the g-order

© The ratio

og (T2 —al [ e —af
|Tpt1 — f |z —

is expressed in term of unknown errors uses the error which is
not known.

@ |If we are near to the solution, we can use the estimation
|7 — af = |zKa1 — x| so that

[Ty 2 — Tp 3] | |Tp 41 — Ty ~
|Tp41 — Tr42] | T — Tpt1]

log

nd three iterations are enough to estimate the g-order of the
sequence.

B
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Stopping criteria and g-order estimation

Estimation of the g-order

© if the the step length is proportional to the value of f(x) as in
the Newton-Raphson scheme, i.e. |2 — af =~ M |f(zx)| we
can simplify the previous formula as:

\f( T 42 | \f($k+1)| ~p
@)l 8 )

@ Such estimation are useful to check the code implementation.
In fact, if we expect the order p and we see the order r # p,
something is wrong in the implementation or in the theory!

Be
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Conclusions

Conclusions

The methods presented in this lesson can be generalized for higher
dimension. In particular

© Newton-Raphson

e multidimensional Newton scheme
e inexact Newton scheme

@ Secant

e Broyden scheme

© quasi-Newton
o finite difference approximation of the Jacobian

moreover those method can be globalized.

B
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