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@ Convergence rate of Steepest Descent iterative scheme

© Conjugate direction method

© Conjugate Gradient method

@ Conjugate Gradient convergence rate

© Preconditioning the Conjugate Gradient method

@ Nonlinear Conjugate Gradient extension
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Generic minimization algorithm

In the following we study the convergence rate of the Generic
minimization algorithm applied to a quadratic function q(zx) with
exact line search. The function

1
q(x) = EwTA:c —blz+c
can be viewed as a n-dimensional generalization of the

1-dimensional parabolic model.

Generic minimization algorithm

Given an initial guess xq, let k = 0;

while not converged do
Find a descent direction p;. at xy;
Compute a step size a; using a line-search along py.
Set ;11 = ) + aipr and increase k by 1.

end while 5

v
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Assumption (Symmetry)

The matrix A is assumed to be symmetric, in fact,

A — ASymm+ASkew

where
1
ASymm — E[A + AT}, ASymm _ (ASymm)T
1
ASk‘ew — E[A . ATL ASkzew _ _(ASkew)T
moreover

:IZTACC _ :13T14L5’ymmzB + :IZTASkewCC _ wTASymmw

so that only the symmetric part of A contribute to q(x).
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Assumption (SPD)

The matrix A is assumed to be symmetric and positive definite, in
fact,

Vo(z)' =-(A+A" )z —b=Ax—b

N| —

and
Wq@:%M+Aﬂ:A

From the sufficient condition for a minimum we have that

Va(z)T =0, ie.
Ax, =0b

and V?q(z,) = A is SPD.

8 .
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The toy problem (1/3)

@ In the following we study the convergence rate of the Steepest
Descent and Conjugate Gradient methods applied to

1
q(x) = §wTA:13 —blx+c

where A is an SPD matrix.

@ This assumption simplify the analysis but it is also useful in
the non linear case. In fact, by expanding a generic function
f(x) near its minimum x, we have

f(x) = f(xy) + V(s (x — x4)

o - ) V(@) - o) + O - )

B
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The toy problem (2/3)

@ By setting
A = V3f(x,),
b = Vf(x,)x, — Vi(x,)
c = f(xy) — Vi(xy )z, + %w}fvzf(a}*)a}*
we have
f(z) = %wTA:r: Tt e+ O(||z — 2

@ So that we expect that when an iterate x; is near x, then we
can neglect O(||z — x,||*) and the asymptotic behavior is the
same of the quadratic problem.
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The toy problem (3/3)

@ we can rewrite the quadratic problem in many different way as
follows

where

@ This last forms are useful in the study of the steepest descent
method.
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Convergence rate of Steepest Descent iterative scheme

@ Convergence rate of Steepest Descent iterative scheme
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The steepest descent for quadratic functions

Convergence rate of Steepest Descent iterative scheme

The steepest descent for quadratic functions oK)

The steepest descent minimization algorithm

Given an initial guess xq, let k = 0;

while not converged do
Choose as descent direction p;, = —Vq(x;)! = b — Axy;
Compute a step size «; using a line-search along py.
Set ;11 = @ + aipyr and increase k by 1.

end while ]

Definition (Residual)

The expressions
r(x) =b— Az, ry = b — Az

are called the residual. We obviously have r(x) = —Vq(x)! and

r(z,) = 0. &
v
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Convergence rate of Steepest Descent iterative scheme The steepest descent for quadratic functions

The steepest descent for quadratic functions (2/3)

We can solve exactly the problem

a = argmin q(xr — arg)
a>0

because p(a) = q(x; — ary) is a parabola. In fact

dp(er) _ dq(xy — ary)
do do

= —Vq(a:k — ozrk)'rk =0

0 = —Vq(z, — ary)ry = r(xp — ary) r, = (b — A(xy — ark))T'rk,

= (fr;C — aArk)Tfrk

T%Tk

rl Ary §6
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Convergence rate of Steepest Descent iterative scheme The steepest descent for quadratic functions

The steepest descent for quadratic functions (3/3)

and the minimum is at « set to

The steepest descent minimization algorithm

Given an initial guess xq, let k = 0;
while not converged do
Compute 7, = b — Axy;

T‘T’l“k
Compute the step size o, = Tk—;
T ATy
Set &1 = Tk + axri and increase k by 1.
end while |
Or more compactly
4 ’I"%T‘k
Le+1 =Lk T~ . Tk
r%Ark
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Convergence rate of Steepest Descent iterative scheme The steepest descent for quadratic functions

The steepest descent reduction step (1/3)

We want bound q(xr11) by q(xx):
A(®k+1) = q(zk + Ty

= ~ (Axy + apAr, — b)T A7 (Axy, + o Ar — b) + ¢

(ozkA'rk . ’Pk)T AL (ozkArk — ’T'k) +c

NI NI~ N

_ 1
rl A7 ey + EairgArk —agrire + ¢

1
= q(xg) + >k (ozk'rkTArk — 27“,{7“;{)

Be
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The steepest descent reduction step (2/3)
T
o LT _
Substituting oy, = Tk we obtain
T ATy
1(rirr)?

d(@kr1) = al@r) — 5 T Ary

this shows that the steepest descent method reduce at each step

the objective function q(x).

1
Using the expression q(x) = Er(a:)TA_lr(ac) + ¢’ we can write:

I 1 1 (r%rk)

—ri 1 ATy 1——’rA TL
5Tk+1 + k 2rkArk
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Convergence rate of Steepest Descent iterative scheme The steepest descent for quadratic functions

The steepest descent reduction step (3/3)

or better

rl A =rl A7 e (1= (r,{rk)2
k+1 + k (’r,zA_lrk)(rZArk)

noticing that 7, = b— Az, = Az, — Az, = A(x. — x)) we have

(rgT)? )

r%A—lrk)(rgArk)

2 2
* T Lk4+1]lA — * — Lkl A —
@ — mesal? = llze — 24 (1 (
where
Il 4 = VaT Az

is the energy norm induced by the SPD matrix A.
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

The estimate of the convergence rate for the steepest descent
method is linked to the estimate of the term

(riT)®
(rf A=1ry)(rl Ary)

in particular we can prove

Lemma (Kantorovic)
Let A € R™ "™ an SPD matrix then the following inequality is valid

(z7 Azx)(z?T A 1x) < (M + m)?
(xTx)? ~ 4Mm

1<

for all x # 0. Where m = \1 is the smallest eigenvalue of A and
M = )\, is the biggest eigenvalue of A.
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

Proof. (1/5).
STEP 1: problem reformulation. First of all notice that

(z' Az)(z" A x)  (y' Ay)(y' Ay
(z"x)? (y"y)?

for all y = ax with o # 0. Choosing o = |||| ™! have:

”nhifl(zTAz)(zTA_lz) <
(T Az)(z' A~ 1x)
(2" x)?

< Hm”axl(zTAz)(zTA_lz)
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

Proof. (2/5).
STEP 2: eigenvector expansions. Matrix A € R™*"™ is an SPD
matrix so that there exists w1, up, ..., u, a complete orthonormal

eigenvectors set with 0 < A\; < \p < --- < )\, corresponding
eigenvalues. Let be & € R" then

n n
3 Ty =3 2
£r = arUu r I = (87
k=1 "R k=1 F

so that (7 Az)(x? A~1x) = h(a,. .., a,) where

Ma,... an) = (Zzzl ai)"“) (Zzzl ai}"?)

then the lemma can be reformulated:
@ Find maxima and minima of h(ai,...,an,)

o subject to .7 ;a2 =1.

A\

B
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

Proof. (3/5).
STEP 3: problem reduction. By using Lagrange multiplier maxima
and minima are the stationary points of:

n
glat,...;an, p) = h(ag,...,an) + i (Zkzl O‘i — 1>
setting A = S"1_ a2\ and B =Y"7_, a2\ ! we have

89(@1, 000y Oénnu)
80%

=20, (M B+ AT A+ p) =0

so that
Q@ Or o, =0;
@ Or )\ is a root of the quadratic polynomial \>B + A\ + A.

in any case there are at most 2 coefficients a's not zero. ¢

v

“the argument should be improved in the case of multiple eigenvalues %
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

Proof. (4/5).
STEP 4: problem reformulation. say a; and «; are the only non
zero coefficients, then a? + 04]2- = 1 and we can write

Mo, om) = (i +a7) (aF A + afA;T)

)\ Aj

— Q31 - o) + 3(1 - )+ afad (114 )

Ni A
_ 2 2
_1—|—ozl-oz‘7 ()\j—l—)\—l—Z)

(X —X)°

=1+ 07(1-0f)—
1]

8 -
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate
Proof. (5/5).

STEP 5: bounding maxima and minima. notice that
1
0<p(1-p <7 VE[]
i =) g, Qimh) it A)°
i\ 4NN 4NN

to bound (\; + \;)?/(4)\i)\;) consider the function
f(x) = (1 + )2/ which is increasing for x > 1 so that we have

1<1+a?(1—a?)

7

i+ N _ (M +m)

4>\i)\j — 4AMm
and finally
(M + m)?
1< o) < —
[]
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

Convergence rate of Steepest Descent

The Kantorovich inequality permits to prove:

Theorem (Convergence rate of Steepest Descent)

Let A € R™ ™ an SPD matrix then the steepest descent method:

’I“Z’Pk
'rkTA'rk

T+l = Ti + T

converge to the solution x, = A~1b with at least linear q-rate in

the norm ||-|| . Moreover we have the error estimate

k—1
k+1

[Zrt1 — Tl 4 < |k — 24| o

k = M /m is the condition number where m = A1 is the smallest
eigenvalue of A and M = \,, is the biggest eigenvalue of A. &
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

| oo Sty Desnt v sheme L e st dscen o e

Remember from slide N°15

(rgT)? )

s — ziralPy = llze — 24l (1—
* thila * A (r%A‘lrk)(r,fArk)

from Kantorovich inequality

(rr)? 4 Mm (M —m)?
1— i <1-— —
(rFA-1ry)(rl Ary) — (M +m)? (M + m)?
so that
M —m
[Ty — xpi1]| 4 < M s — x| o

Be
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Convergence rate of Steepest Descent iterative scheme The steepest descent convergence rate

Remark (One step convergence)

The steepest descent method can converge in one iteration if
k = 1 or when ry = u; where uy, is an eigenvector of A.

© In the first case (k = 1) we have A = 31 for some 3 > 0 so it
IS not interesting.

@ /In the second case we have
(u] ug)? _ (u] up)? _
(ugA_luk)(u;{Auk) )\gl(uguk))\k(uzuk)

in both cases we have r1 = 0 i.e. we have found the solution.

B
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Conjugate direction method
Outline

© Conjugate direction method

Be
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Conjugate direction method Conjugate vectors

Conjugate direction method

Definition (Conjugate vector)

Given two vectors p and q in R"™ are conjugate respect to A if
they are orthogonal respect the scalar product induced by A; i.e.,

n
p'Aq= )  Aijpig; =0.
ij=1

o

Clearly, n vectors p1,p>,...p, € R™ that are pair wise conjugated
respect to A form a base of R".

B
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Conjugate direction method Conjugate vectors

Problem (Linear system)

Find the minimum of q(z) = &’ Az — bT'x + c is equivalent to

solve the first order necessary condition, i.e.

Find x, € R"™ such that: Az, = b.

Observation

| A

Consider xg € R™ and decompose the error eg = x, — xg by the
conjugate vectors p1, p2,...,Pn € R":

€) =Ty — g =01P1 +02P2 + -+ OnPnp.

Evaluating the coefficients o1, 02, ...,0, € R is equivalent to
solve the problem Ax, = b, because knowing eqg we have

Ty = T + €g.

A\

Be
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Conjugate direction method Conjugate vectors

Observation

Using conjugacy the coefficients o1, 02, ...,0, € R can be
computed as

p; Aeg

: fori=1,2,... n.
p; Ap;

O; —

In fact, for all 1 <1 <n, we have
p Aey = p! A(01p1 +02p2 + ...+ 0uby),

= UlpiTApl + UzpiTApz oo 0 anpiTApn,

because pz-TApj =0 fori # j.

A\

B
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Conjugate direction method Conjugate vectors

The conjugate direction method evaluate the coefficients o1,
0o,...,0, € IR recursively in n steps, solving for £ > 0 the
minimization problem:

Conjugate direction method

Given xg; k «— 0;
repeat
k—k+1;
Find &, € ¢ + V) such that:

xp = argmin ||z, — x| 4
x € o+ Vi

until £ =n

where V. is the subspace of R"™ generated by the first k£ conjugate
direction; i.e.,

Vk:SPAN{plap27'“7pk}' &
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Conjugate direction method First step

Step: g — o1

At the first step we consider the subspace xg + SPAN{p;} which
consists in vectors of the form

x(a) = xo + ap; aeR

The minimization problem becomes:

Minimization step &y — x;

Find 1 = o + a1pi (i.e., find a1!) such that:

| — @1l 4 = min [z — (20 + ap1)|| 4,
aceR

B
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Conjugate direction method First step

Solving first step method 1

The minimization problem is the minimum respect to « of the
quadratic:

b(a) = [Jox — (2o + ap1)l|%
= (@ — (zo + ap1))’ A(zs — (zo + ap1)),
= (eo — ap1)’ A(eo — ap1),
= eéFAeo — 2apfAeo + ozzplTApl.

minimum is found by imposing:

1o p1 Aeg +2ap1 Ap1 =0 = | a pT Ap,

Be
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Conjugate direction method First step

Solving first step method 2 (1/2)

Remember the error expansion:
Ty — Lo = O1P1 + 02P2 + +* + TnPhn.
Let () = xg + api, the difference x, — x(«r) becomes:
x, —x(a) = (01 — a)p1 +02p2 + ... + onpp
due to conjugacy the error ||z, — x(a)|| , becomes

2
[, — ()]s

= ((01 —a)p1 + zn:mpz)TA ((‘71 —a)p1+ f:"ﬂ’i)

i=2 j=2

n
= (01— @)’pi Ap1 + Y _o7p] Ap;
j=2

B
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Conjugate direction method First step

Solving first step method 2 (2/2)

Because

n
2 2 2
| — ()% = (01— @) [Ipala + Y o3 IIpilla
i=2

we have that

n
|z —2(aa)la = Dol Ipills < llew —2(a)[y  forall a# oy
1=2

so that minimum is found by imposing a; = o71:

T
ap = D1 Aeg
=
D7 Ap;
This argument can be generalized for all k£ > 1 (see next slides). §‘

Conjugate direction method kth Step

Step, xi_1 — X}

For the step from k — 1 to k we consider the subspace of R"

Vi = SPAN{D1,P2, ..., Dk}

which contains vectors of the form:
:c(a(l), a(2), e ,a(k)) = xg + a(l)pl + Oz(z)pz + ...+ oz(k)pk
The minimization problem becomes:

Minimization step x,_1 —

Find ¢, = g + a1p1 + aopor + ... + aipg (i.e. 1,00, ... ,ak)
such that:
_ i (1) o) (k) H
Ty — T = min T, —x(a‘, o\, ..«
o= arla= , in fe-2(0®,0@, 0|

" B
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Conjugate direction method kth Step

Solving kth Step: xp_1 — x; )

Remember the error expansion:
Ty — Xo = 01P1 + O2P2 + *+* + TnPp.
Consider a vector of the form
z(aW, a® . o) =zi+ aPp; +aPpy + ...+ aWp,

the error z, — (o, a(? ... alF)) can be written as

k
x, —x(aM) o . oF) =, —x— Z oWp;,
k . n
= Z (00 = Oé(l))Pz' + Z TiPi-
i=1 i=k+1 §‘
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Conjugate direction method kth Step

Solving kth Step: x,_1 — x; (2/2)

using conjugacy of p; we obtain the norm of the error:

Hm* — w(a(l), a® a(k))H:

k
=) (o ) il + Z o7 |Ipill -

=1 i=k+1

So that minimum is found by imposing «; = o;: fore=1,2,... k.

pl Aeg
P;TFAP@'

i=1,2,... .k

B
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Conjugate direction method Successive one dimensional minimization

Successive one dimensional minimization (1/3)

@ notice that a; = o; and that
Tk = To + a1P1 + - -+ Pk
= Tk—1 + APk

@ so that x;_1 contains k — 1 coefficients «; for the
minimization.

@ if we consider the one dimensional minimization on the
subspace xj;_1 + SPAN{p;} we find again x!

Be
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Conjugate direction method Successive one dimensional minimization

Successive one dimensional minimization (2/3)

Consider a vector of the form
x(a) = xp_1 + apg

remember that xp_1 = xg + a1p1 + - - + ap_1Pr_1 So that the
error x, — () can be written as

k-1
o, —x(a) = x. —xo — Z%’Pi + apy
i=1
k-1 N
= Z (07 — i)pi + (0% — @) p + Z oip;.
=1 i=k+1

due to the equality o; = «; the blue part of the expression is 0.

B
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Conjugate direction method Successive one dimensional minimization

Successive one dimensional minimization (3/3)

Using conjugacy of p; we obtain the norm of the error:

n
2 2 2 2
lzs — z(a) 2y = (ox — ) lpela + > o7 Ipill% -
i=k+1

So that minimum is found by imposing o = oy

This observation permit to perform the minimization on the
k-dimensional space xq + V. as successive one dimensional

minimizations along the conjugate directions p;.!. §‘

Conjugate direction method Successive one dimensional minimization

Problem (one dimensional successive minimization)

Find ), = x),_1 + aipir such that:

|z, — k|| 4 = Min ||z — (Tr—1 + apr)| 4,
acR

The solution is the minimum respect to « of the quadratic:
O(0) = (z — (wp—1 + app)) A (e — (@41 + apr))
= (ex—1—apr)’ A(er—1— apy),
= e%_lAek_l — 2ozp£Aek_1 + 042p£Apk.

minimum is found by imposing:

b T Ae;.
(a) _ —2P£A€k;—1 4 20zp£Apk -0 = ap = M
da Py APk &
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Conjugate direction method Successive one dimensional minimization

@ In the case of minimization on the subspace xg + Vi we have:

ay = p, Aeg / pi. Apy,

@ In the case of one dimensional minimization on the subspace
xp_1 + SPAN{pr} we have:

o, = pj, Aex_1 / pj Apy,

@ Apparently they are different results, however by using the
conjugacy of the vectors p; we have

Pl Ae,_1 = pl A(Ty — xp_1)

= pfA(a:* — (o + a1p1 + -+ + Oék—lpk:—1))

T T T
= pi Aeg — a1pi, Ap1 — -+ — ap_1P). APk—1
T
= p Aeg §

Conjugate direction method Successive one dimensional minimization

@ The one step minimization in the space xg + V,, and the
successive minimization in the space xy_1 + SPAN{ps},
k=1,2,...,n are equivalent if p;s are conjugate.

@ The successive minimization is useful when p;s are not known
in advance but must be computed as the minimization process
proceeds.

@ The evaluation of ay is apparently not computable because e;
is not known. However noticing

Aep = A(xy, —xp) =b— Az = 1y,
we can write
ay, = pj. Aey._1/ . Apr = Py Tr-1/ Pl APk =
e Finally for the residual is valid the recurrence

Ty =b— Az =b— A(xp_1 + axpr) = Th—1 — L Apy. &
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Conjugate direction method Conjugate direction minimization

Conjugate direction minimization

Algorithm (Conjugate direction minimization)

k «— 0; xg assigned;

To < b— Awo,'

while not converged do
k—k+1;

T T
Tip_1Py
O PrADL '
Tp < Tp—1 + OkPE;
TR — Th—1 — O ADE;
end while

Observation (Computazional cost)

The conjugate direction minimization requires at each step one
matrix—vector product for the evaluation of oy, and two update
AXPY for x;, and ry,. %
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Conjugate direction method Conjugate direction minimization

Monotonic behavior of the error

Remark (Monotonic behavior of the error)

The energy norm of the error ||ey|| 4 is monotonically decreasing in
k. In fact:

€k = Ty — T = Qg 41Pk+1 T -+ - T QnPn,
and by conjugacy

2 2 2 2
lexlla = @ — zkla = oia lPeralla + -+ 0n [1Palls -

Finally from this relation we have e, = 0.

B
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Conjugate Gradient method
Outline

© Conjugate Gradient method

Be
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Conjugate Gradient method

Conjugate Gradient method

The Conjugate Gradient method combine the Conjugate Direction
method with an orthogonalization process (like Gram-Schmidt)
applied to the residual to construct the conjugate directions.

In fact, because A define a scalar product in the next slide we
prove:

@ each residue is orthogonal to the previous conjugate

directions, and consequently linearly independent from the
previous conjugate directions.

@ if the residual is not null is can be used to construct a new
conjugate direction.

B

Conjugate Direction minimization 46 / 105




Conjugate Gradient method

Orthogonality of the residue 7 respect Vj

@ The residue 7y is orthogonal to p1, po, ..., pg. In fact, from
the error expansion

€k = Qp+1Pk+1 + Qg1 2Pk+2 + -+ + QnDp

because r, = Aey, fort =1,2,...,k we have

p; T, = p; Aey,

n
T
=p/ A Z a;Pj = Z a;p; Ap;
j=k+1 Jj=k+1

=0

Be
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Conjugate Gradient method

Building new conjugate direction (1/2)

@ The conjugate direction method build one new direction at
each step.

@ If 7 # 0 it can be used to build the new direction px.1 by a
Gram-Schmidt orthogonalization process

k+1) k+1) k+1)
Pk+1—rk+ﬁ(+ +5(+ +5(+

(k+1) ﬁ(k+1 st

where the k coefficients 3; , B

satisfy:

p; Apii1 =0, fori=1,2,...,k.

B
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Conjugate Gradient method

Building new conjugate direction (2/2)

(repeating from previous slide)

(k+1)

k+1 k1
§+)p1+5§+)p2+“°+5k Dk,

Prt1 =Tk + 0
expanding the expression:
0 = p/ Apji1,
= p] A(rp + 5§k+1)P1 + ﬁng)Pz +-+ ﬁ,ﬁ“”m),

k+1
= pl Ar, + 8" VpT Ap;,

Be
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Conjugate Gradient method

The choice of the residual r;, # 0 for the construction of the new
conjugate direction piy1 has three important consequences:

© simplification of the expression for ay;

@ Orthogonality of the residual ;. from the previous residue g,
rT, ..., T_1,

© three point formula and simplification of the coefficients

6(k+1)

7

this facts will be examined in the next slides.

B
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Conjugate Gradient method

Simplification of the expression for «y,

Writing the expression for p;. from the orthogonalization process

k-+1) k+1 k+1
Dk = Tk— 1+5( P+5( )p ---‘|’5](€1)pk: 1,
using orthogonality of r;_1 and the vectors p1, p2, ..., Pr_1, (see
slide N.47) we have
k+1 k+1 k-+1)
Th 1Pk = Tho1(Tho1 +5§ 'p +5( +5;E; 1 o 1),
— 'r]{_l'rk;_]_.

recalling the definition of oy it follows:

ap = 6% 1Apk _ T%_lpk rg_lrk—l
plApr.  piAps p} Apy,
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Conjugate Gradient method

Orthogonally of the residue r; from rg, 71, ..., 711

From the definition of p;11 it follows:

1 1) +1
pir1=ri+ 80 Vpr+ 85 Vpo+ .+ 8 p,
= 1 € SPAN{p1,P2,...,Pi,Pi+1} = Vit1 (ObviOUS)
using orthogonality of r; and the vectors p1, po, ..., P, (see slide

N.47) for i < k we have

7
S — (p Y >pj),

j=1

7
+1
= ’r;z:pi+1 - Zﬁj(z )’P;{pj = 0.

=1
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Conjugate Gradient method

)

Three point formula and simplification of 5§k+1

From the relation r,{ri = r,{('ri_l — a;Ap;)  we deduce

T T _pT o5 L
TA /rk Ti_1 — rk} T; rk T'k/Odk if 1 = k,
Ty Ap; = =

0 if 7 < k;

o7

remembering that o = rkT_lrk_l /pprk we obtain

k1) TEAD | o 1=k
Bi = T4 =\ "Tk-1Tk-1
D; Ap;
0 i < k;
i.e. there is only one non zero coefficient ﬁ,gkﬂ), so we write
Br = ,Ef““’ and obtain the three point formula:
Pr+1 = Tk + BiPk §‘
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Conjugate Gradient method
Conjugate gradient algorithm

initial step:
k < 0; xg assigned;
To < b— Awo;
P1 < To;
while ||| > € do
k«— k+1;
Conjugate direction method
Tho1Th—1
pi Apy, '
T < Tk—1 + QkPk;
Tk < Tk-1 — QApg;
Residual orthogonalization
B, — TETE
K Th_ Th—1’
Pk+1 < Tk + OkPk;
end while &
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Conjugate Gradient convergence rate
Outline

@ Conjugate Gradient convergence rate

Be
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Conjugate Gradient convergence rate Polynomial residual expansions

Polynomial residual expansions (1/5)

From the Conjugate Gradient iterative scheme on slide 54 we have

Lemma

There exists k-degree polynomial Py(x) and Q(x) such that

rr. = Pr(A)rg k=0,1,....,n

Pr — Qk—l(A)IrO k= 1,2,...,7?,
Moreover P;(0) =1 for all k.

Proof. (1/2).
The proof is by induction.
Base £ =0
p1=To
so that Py(z) =1 and Qo(x) = 1.

v
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Conjugate Gradient convergence rate Polynomial residual expansions

Polynomial residual expansions (2/5)
Proof. (2/2).
let the expansion valid for £ — 1 Consider the recursion for the
residual:

Tk = Th—1 — L ADy
= P-1(A)ro + apr AQg-1(A)ro
= (Pk_l(A) + OékAQk_l(A))’r‘o

then Pk(:v) = Pk_l(l‘) S ozkak_l(x) and Pk(()) = Pk_l(O) =1.
Consider the recursion for the conjugate direction

Pit1 = Pi(A)ro + BrQr—1(A)ro
= (Pp(A) + BrQr-1(A))m0
then Qx(z) = Pi(x) + BrQr—1(x). L] §

v
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Conjugate Gradient convergence rate Polynomial residual expansions

Polynomial residual expansions (3/5)

We have the following trivial equality
Vi = SPAN{p1,D2,...Dk}
= SPAN{ro,71,...Tk_1}
= {q(A)ro| g e P}
= {p(A)eo |p € P*, p(0) =0}

In this way the optimality of CG step can be written as

s — i)l 4 < ||lZs — || 4, Va € xg + V5,
lzs — 2l 4 < l2ze — (mo+ p(A)eo)las VPP, p(0) =0
2. — 2kl 4 < [P(A)eoll 4. YP € P, P(0) = 1

B
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Conjugate Gradient convergence rate Polynomial residual expansions

Polynomial residual expansions (4/5)

Recalling that
A lr, = A_l(b — Axy) =T, — ), = €
we can write
er =x, —xp = Ay,
= APy (A)ro
= P,(A)A 1rg
= Pp(A)(x+ — x0)
= Pi(A)eo.

due to the optimality of the conjugate gradient we have:

Be
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Conjugate Gradient convergence rate Polynomial residual expansions

Polynomial residual expansions (5/5)

Using the results of slide 58 and 59 we can write
er = Py(A)eo,
lexlls = IPi(A)eoll4 < |P(A)eoll, VP € P, P(0) =1
and from this equation we have the estimate

e < inf P(A)e
I kHA_PeIPk,P(O):lH (A)eoll 4

So an estimate of the form

inf P(A <C
Pe]Pkl,nP(o)=1” (A)eoll 4 = Crlleol o

can be used to proof a convergence rate theorem, as for the
steepest descent algorithm. &
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Convergence rate calculation

Conjugate Gradient convergence rate

Convergence rate calculation

Let A € R™™ an SPD matrix, and p € P* a polynomial, then

Ip(A)z| 4 < llp(A)2 NIzl 4

Proof. (1/2).
The matrix A is SPD so that we can write

A=U"NU, A = DIAG{ A1, Ao, ..., \n}

where U is an orthogonal matrix (i.e. UTU = I) and A > 0 is
diagonal. We can define the SPD matrix A2 as follows

A1/2 _ UTA1/2U, /\1/2 :DIAG{)\i/z,)\;/z,...,)\}/z}

and obviously A/2A1/2 — A, e

61 / 105

Conjugate Direction minimization

Conjugate Gradient convergence rate Convergence rate calculation

|| |

Proof. (2/2).

Notice that

2
|z]|% = 2T Ax = 2T AY2 AV 2 = HA1/2:13H2

so that

Ip(A)e] 4 = ||A2p(A)e]|
- e,

< Ip(A)l, | 42|

= [lp(A)ll2 ll=]l o

2
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Conjugate Gradient convergence rate Convergence rate calculation

Let A € R™™ an SPD matrix, and p € P¥ a polynomial, then

A, = A
Ip(4)]; = max (p(3)

The matrix p(A) is symmetric, and for a generic symmetric matrix
B we have

Bll, = max |\
|Bll, = max X

observing that if \ is an eigenvalue of A then p(\) is an eigenvalue
of p(A) the thesis easily follows. O

o

Be
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Conjugate Gradient convergence rate Convergence rate calculation

@ Starting the error estimate

< inf P(A
lecla <, inf  IP(A)eol.

@ Combining the last two lemma we easily obtain the estimate

< inf { max | P(\ }
leila<, inf [ max 1PO)I] lleolL

@ The convergence rate is estimated by bounding the constant

inf P\
pep™ o [ max POV
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Conjugate Gradient convergence rate Finite termination of Conjugate Gradient

Finite termination of Conjugate Gradient

Theorem (Finite termination of Conjugate Gradient)

Let A € R™ "™ an SPD matrix, the the Conjugate Gradient applied
to the linear system Ax = b terminate finding the exact solution
In at most n-step.

Proof.

From the estimate
< inf P(A
leella <, inf | max [POVI] lleolla
choosing P(z) = H (z—2A)/ H (0—N\)
A€o (A) Aeo(A)
we have maxyc,(a) |P(A)| =0 and |le,|| 4 = 0. O §‘
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Conjugate Gradient convergence rate Convergence rate of Conjugate Gradient

Convergence rate of Conjugate Gradient

© The constant

inf max |P(\)]
PePk, P(0)=1 L Aec(A)

is not easy to evaluate,

© The following bound, is useful

P(\)| < P(\
Agj;'szfgl)I (M —Aer['lffin]' (M)

© in particular the final estimate will be obtained by

Pepki,nzﬁ(m:l[Agﬁﬁ)‘P(A)‘}S max | Py()]

where Py(x) is an opportune k-degree polynomial for which
P,(0) =1 and it is easy to evaluate maxycix; A, | Pe(N)]. &
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Conjugate Gradient convergence rate

Chebyshev Polynomials

Chebyshev Polynomials

(1/4)

© The Chebyshev Polynomials of the First Kind are the right
polynomial for this estimate. This polynomial have the

following definition in the interval [—1,1]:

Ty(x) = cos(k arccos(x))

@ Another equivalent definition valid in the interval (—o0, 00) is

the following

e

@ In spite of these definition, Tj(x) is effectively a polynomial.

Conjugate Gradient convergence rate Chebyshev Polynomials
Chebyshev Polynomials (2/4)
Some example of Chebyshev Polynomials.
15 ‘ : 15 — ‘ :
I — T3 —
1 ™ — Z 1 \ T4 —— l/
0.5 — 0.5 —
0 m 0 _
-0.5 - -0.5 _
-1 -1
15 L L L L 15 / L ! ! !
-0.5 0 0.5 1 -1 -0.5 0 0.5 1
15 ‘ 15 ‘
T12 —— T20 ——
1 1
0.5 B 05 - =
0 4 oL 4
-0.5 — -0.5 |- =
-1 -1
15 | | | | 1.5 L1 | | | |
-0.5 0 0.5 1 -1 -0.5 0 0.5 1 &

Be
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Conjugate Gradient convergence rate Chebyshev Polynomials

Chebyshev Polynomials (3/4)

© It is easy to show that Ti(x) is a polynomial by the use of
cos(a + 3) = cosavcos B — sinasin 3
cos(a + (3) 4 cos(a — ) = 2 cos «x cos 3

let & = arccos(z):

@ To(z) = cos(00) = 1;

® Ti(x) =cos(16) = x;

© Tx(x) = cos(26) = cos(#)? —sin(#)? = 2cos(6)? —1 = 22> — 1;
O Tii1(x)+ Tk—1(x) = cos((k + 1)0) + cos((k — 1)0)

= 2cos(kf) cos(0) = 2 x Tk (x)
© In general we have the following recurrence:

0 To(x)=1,
@ Ti(zr) ==z
O Tiii(x) =2xTi(x) — Tp—1(z). &
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Conjugate Gradient convergence rate Chebyshev Polynomials

Chebyshev Polynomials (4/4)

@ Solving the recurrence:
Q To(x) =1,
Q Ti(z) = =;
Q Tii1(x) =22Tk(z) — Ti—1(x).

@ We obtain the explicit form of the Chebyshev Polynomials
1 k k
Ti(z) = §|:<CU—|—\/332—1) + (a:— :U2—1> ]
@ The translated and scaled polynomial is useful in the study of

the conjugate gradient method:

a—l—b—2x>

Tk(x;a,b):Tk( r—

where we have |Ti(x; a,b)| <1 for all x € [a, b]. &
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Conjugate Gradient convergence rate Convergence rate of Conjugate Gradient method

Convergence rate of Conjugate Gradient method

Theorem (Convergence rate of Conjugate Gradient method)

Let A € R™ ™ an SPD matrix then the Conjugate Gradient
method converge to the solution x, = A~1b with at least linear
r-rate in the norm ||-|| ,. Moreover we have the error estimate

k
VE—1
leela 5 2( Y1) lleolla

k = M /m is the condition number where m = A1 is the smallest
eigenvalue of A and M = )\, is the biggest eigenvalue of A.

v

The expression a; < br means that for all € > 0 there exists kg > 0

such that:
ar < (1 — €)by, Vk > kg §

Conjugate Gradient convergence rate Convergence rate of Conjugate Gradient method

From the estimate

lerlla < max [Pl fleolls, PP, PO)=1
AE[m,M]

choosing P(z) = Ty(z; m, M) /Ty (0; m, M) from the fact that
Ty (z; m, M)| <1 for z € [m, M] we have

_ M+m\ *
lewla < Ti0im, M) feol o =T ( 3 ) lleolla

M+m _ k+1
M—-—m — k-1

- H}+1 —1_2 \/E—l—]. k?+ \/E—]. kq-—-1
"\k—1) ~ V-1 VE+1

. . A

finally notlcethat< > — 0 as k — oo. [] &

and

observe that

VE+1
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Preconditioning the Conjugate Gradient method
Outline

© Preconditioning the Conjugate Gradient method

Be
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Preconditioning the Conjugate Gradient method Preconditioning

Preconditioning

Problem (Preconditioned linear system)

Given A, P € R™ ", with A an SPD matrix and P non singular
matrix and b € R"™.

Find x, € R"™ such that: P~ T Az, = P~ Tb.

o

A good choice for P should be such that M = PTP ~ A, where
~ denotes that M is an approximation of A in some sense to
precise later.

Notice that:

@ P non singular imply:
PTb-Ax)=0 <<= b—Azxz=0;

o ASPDimply A=P TAP!is also SPD (obvious proof). &
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Preconditioning the Conjugate Gradient method Preconditioning

Now we reformulate the preconditioned system:

Problem (Preconditioned linear system)

Given A, P € R™*", with A an SPD matrix and P non singular
matrix and b € R" the preconditioned problem is the following:

Find , € R" such that: Az, =b

where

A=pP Tap! b=PTp

notice that if @, is the solution of the linear system Ax = b then
x, = Px, is the solution of the linear system Ax = b.

Be
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Preconditioning the Conjugate Gradient method Preconditioning

PCG: preliminary version

initial step:
k < 0; xo assigned,

o « Pxo; 7o « b — AZg; p1 « To;
while ||7;|| > € do

k—k+1;

Conjugate direction method
"A'/lz;—l'Fk—l.

P} Api

Ty wk 1+ QkPg;
T — Ph_1 — Ay APy
Residual orthogonalization

=T~
B — =it
'l"k 1Tk — 1

Phi1 — Tk + Oubrk;
end while

final step
P 1$k, &
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Preconditioning the Conjugate Gradient method CG reformulation

Conjugate gradient algorithm applied to Az =b require the
evaluation of thing like:

gﬁk = P_TAP_lﬁk.
this can be done without evaluate directly the matrix A by the
y y

following operations:

O solve Ps) = py, for s}, = P 1py;

Q evaluate 5] = As);

Q solve P1s) =g/ for s)) = P~1s".
Step 1 and 3 require the solution of two auxiliary linear system.

This is not a big problem if P and P” are triangular matrices (see
e.g. incomplete Cholesky).

Be
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Preconditioning the Conjugate Gradient method CG reformulation

However. .. we can reformulate the algorithm using only the
matrices A and P!

Definition

For all k > 1, we introduce the vector q;, = P~ 'p.

Observation

If the vectors p1, P2, ...pk forall1 < k <n are A/-conjugate,

then the corresponding vectors q1, qo, ...qy are A-conjugate.
In fact:
4, Aq;=p, P AP 'p;=p] A pi=0, ifi#]
— =T -1

that is a consequence of K—conjugation of vectors p;.

B
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Preconditioning the Conjugate Gradient method CG reformulation

Definition

For all kK > 1, we introduce the vectors

Tp = Tp—1 + Axqk-

If we assume, by construction, g = Pxq, then we have

x, = Pxy, for all k with1 < k < n.

In fact, if x_1 = Pxy_1 (inductive hypothesis), then
T = Tp_1 + QLPk [preconditioned CG]
= Px_1 + apPq; [inductive Hyp. defs of qy]

=P (in_l + &’qu) [ObViOUS]

= Puxy, [defs. of xy] §s

Preconditioning the Conjugate Gradient method CG reformulation

Observation

Because x;, = Px;, for all kK > 0, we have the recurrence between

~

the corresponding residue r;, = b — AZ and r, =b— Axy:

TL = P_T’l“k.

In fact,
7, = b— Ay, [defs. of 7]
— P Tb—P TAP 'Px, [defs. of b, A, x|
= P 1 (b- Axy), [obvious]
= P 1y [defs. of rj]

B
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Preconditioning the Conjugate Gradient method CG reformulation

Definition
For all k, with 1 < k < n, the vector z;. is the solution of the
linear system

Mz, = 7.

where M = PTP. Formally,

2e=M1r, =P P Tp,.

Using the vectors {zy},

@ we can express ay and Bk in terms of A, the residual 7, and
conjugate direction qz;

@ we can build a recurrence relation for the A-conjugate
directions q;.

Be

Preconditioning the Conjugate Gradient method CG reformulation
Observation
ST~ — _ _
5 Tk 1Tk—1 ri1 PP Ty ri—1 M lry_4
ﬁ,{Apk q. P* P~" AP~ Pq, qr Aq
| Tk-1%k-1
qrAqy
Observation
ST~ Tp—-1p-T T —1
Ek_ r,x T, PP r, orpMTry
ST - T — — - T — 2
e Th1 1T P71P Ty, v  M-lr,,
T
= —
Tp_1%k—1 &
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Preconditioning the Conjugate Gradient method CG reformulation

Using the vector z;, = M ~1ry, the following recurrence is true

qr+1 = 2k + Brai
In fact:
Pri1 = Tk + B Pk [preconditioned CGJ
P51 = P 7+ B P ' [left mult P~1]
P 'pri1 = PP Try+ B PPy [ries = P Trypa]

P Py = M v+ 3P g, M =P 'PTT]

Qer1 = 2k + Beqi [arx = P~ py]

Be
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Preconditioning the Conjugate Gradient method CG reformulation

PCG: final version

initial step:

k «— 0; o assigned;

ro < b — Axo; q1 + T0;

while ||zx|| > ¢ do
k—k+1;

Conjugate direction method
~ Th_1%k-1

Tp — Tp—1 + Akqk;
Tk < Tp—1 — QpAQ;
Preconditioning

ZE = M_lrk;

Residual orthogonalization
T

Y T Zk
k .
/Bk — ,’,.T > ’
k—1<k—1

qr+1 < 2k + Ek:Qk:; &
end while
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Nonlinear Conjugate Gradient extension
Outline

@ Nonlinear Conjugate Gradient extension

Be
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Nonlinear Conjugate Gradient extension

Nonlinear Conjugate Gradient extension

© The conjugate gradient algorithm can be extended for
nonlinear minimization.

@ Fletcher and Reeves extend CG for the minimization of a
general non linear function f(x) as follows:

@ Substitute the evaluation of ay by an line search
@ Substitute the residual 75 with the gradient Vf(xy)

© We also translate the index for the search direction p; to be
more consistent with the gradients. The resulting algorithm is
in the next slide

B
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Nonlinear Conjugate Gradient extension Fletcher and Reeves

Fletcher and Reeves Nonlinear Conjugate Gradient

initial step:
k «— 0; oo assigned;
fo < f(zo0); go — V(o
Po < —4go;
while ||g;|| > € do
k—k+1;
Conjugate direction method
Compute ay, by line-search;
Tk < Tp—1 + OkPk—1;
gr — Vi(zg);
Residual orthogonalization

FR glae |
Bk; T '
9i._19k—1

Pr — —gk + B py_1;

end while §‘
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Nonlinear Conjugate Gradient extension Fletcher and Reeves

© To ensure convergence and apply Zoutendijk global
convergence theorem we need to ensure that py is a descent
direction.

)T.

© po is a descent direction by construction, for p; we have

2
gipe = — gkl + Bt gl pr—1

if the line-search is exact than g,rfpk_l = 0 because pi_1 is
the direction of the line-search. So by induction p; is a
descent direction.

© Exact line-search is expensive, however if we use inexact
line-search with strong Wolfe conditions

@ sufficient decrease: f(xy + appr) < f(xk) + c1 ax VIi(xk)pk;
@ curvature condition: |Vf(xg + arpr)pi| < ¢ |Vi(xr)prl.
with 0 < ¢1 < ¢p < 1/2 then we can prove that py is a
descent direction. &
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Nonlinear Conjugate Gradient extension convergence analysis

The previous consideration permits to say that Fletcher and Reeves
nonlinear conjugate gradient method with strong Wolfe line-search
is globally convergent!

To prove globally convergence we need the following lemma:

Lemma (descent direction bound)

Suppose we apply Fletcher and Reeves nonlinear conjugate
gradient method to f(x) with strong Wolfe line-search with

0 < ¢p < 1/2. The the method generates descent direction py, that
satisfy the following inequality

T _
1 <gk,pk<_1 2¢o

— < < . k=0,1,2,...
1—c2 ™ gl 1—e

A\

lglobally here means that Zoutendijk like theorem apply
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Nonlinear Conjugate Gradient extension convergence analysis

Proof. (1/3).
The proof is by induction. First notice that the function
26 —1
) = ——
© =7

is monotonically increasing on the interval [0,1/2] and that
t(0) = —1 and ¢(1/2) = 0. Hence, because of ¢; € (0,1/2) we

have:
262 —1
-1<—<0. *
o (%)
base of induction £ = 0: For k = 0 we have pg = —ggp so that
ad'po/ |gol|* = —1. From (%) the lemma inequality is trivially
satisfied.

B
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Nonlinear Conjugate Gradient extension convergence analysis

Proof. (2/3).
Using update direction formula's of the algorithm:

FR gi. gk FR
b = —F—— g Pk = —Gk + B "DPk-1
9. _19k-1
we can write
gipn FRQthél___l gi pr—1

— 1+ —
lgklI® lgxlI® lg—11®

and by using second strong Wolfe condition:

5 T i
9j._1Pk—-1 < 9iPr _ 1 gj._1Pk—-1

1 '
|gr—1]|

—1+4c 5 < 5 <
lgr—1lI® — llgel

v
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convergence analysis

Nonlinear Conjugate Gradient extension

Proof. (3/3).
by induction we have
1 g]::_lpk:—l
2= 7
l1-c g1l
so that
9ipr .y GiaPr_ 1 261
gl ~ lgr—1ll® — l—c 1-0c
and
T T
g;. Pk gi._1Pk—1 1 _ 1
7 2~ __1_621—0 T 1-c
gk | 1gk—1 2 2
H

y &
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Nonlinear Conjugate Gradient extension convergence analysis

© The inequality of the the previous lemma can be written as:

1 lgxll S gi Dk - 1 —2¢; || gk

> — > >0
1 — ¢ [|px| lgwll lpkll — 1 —c2 [|pl
© Remembering the Zoutendijk theorem we have
o0 T
Z(cos 01)? ||gi||® < oo, where cosf, = ~ kP
P lgr|l lpw]

@ so that if ||gk|| / ||pk|| is bounded from below we have that
cos B > 0 for all k and then from Zoutendijk theorem the
scheme converge.

©Q Unfortunately this bound cant be proved so that Zoutendijk
theorem cant be applied directly. However it is possible to
prove a weaker results, i.e. that liminfy_ . ||gx| = 0!

Be

Conjugate Direction minimization 93 / 105

Nonlinear Conjugate Gradient extension convergence analysis

Convergence of Fletcher and Reeves method

Assumption (Regularity assumption)

We assume f € CY(R™) with Lipschitz continuous gradient, i.e.
there exists v > 0 such that

|VE(x)" — Vi)' || <vlz—y|, Vz,yeR"

B
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Nonlinear Conjugate Gradient extension convergence analysis

Theorem (Convergence of Fletcher and Reeves method)

Suppose the method of Fletcher and Reeves is implemented with
strong Wolfe line-search with 0 < ¢1 < ca < 1/2. If f(x) and x¢
satisfy the previous regularity assumptions, then

liminf ||gx|| =0
k—oo

A\

Proof. (1/4).
From previous Lemma we have
1
cos 0, > lgx |l k=1,2,...
1 — ¢ [|px|

o llgrl*
substituting in Zoutendijk condition we have Z 2 5

=1 ol
The proof is by contradiction. in fact if theorem is not true than
the series diverge. Next we want to bound ||pg||. §‘
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Nonlinear Conjugate Gradient extension convergence analysis

Proof. (bounding ||px||) (2/4).
Using second Wolfe condition and previous Lemma
C2
98 Pr—1| < —cogiiPr—1 < — o |gr—1°

using px < —gx + BL 'py_1 we have

Pkl < llgrll® + 2652 | g pr_1| + (BE)? | pr_1])?

262

2 FR 2 FR 2
< llgll” + B llgr—1l” + (B ) lpe—1]

1— C2
recall that BFF «— ||gp||* / |lgr_1]|° then

1+ co
2
[F 2

<7 lgell® + (BE ) ||pr—1®

A\

B

Conjugate Direction minimization 96 / 105




Proof. (bounding ||px||) (3/4).
setting c3 = 1+C2 and using repeatedly the last inequality we
obtain:
2 2
pkl® < esllgnll® + (882 (cs llge-1l* + (B2 |1Pe—al®)
4 =) -2 Hng 2
= c3 llgel® (Jlgnl 72 + llgr-1172) + 25 |lpe s
lgr—2]
< csllgnll* (llgll =+ llgu-1ll + llg—21 )
lgr* 2
+—— ||Pr—3l|
lgr—3l
k
4 —2
< c3|gkll Zng”
Jj=1 ) g

Nonlinear Conjugate Gradient extension convergence analysis

Suppose now by contradiction there exists 6 > 0 such that
lgk|| > 0 2 by using the regularity assumptions we have

k
2 4 -2 4 _
Ilpell® < esllgell* > llgil ™% < esllgell* 6%k

Substituting in Zoutendijk condition we have

Z Hng 52 - 1
=

the correct assumption is that there exists ko such that ||gx| > 0 for
k > ko but this complicate a little bit the following inequality without
introducing new idea.

Proof. (4/4).

this contradict assumption. []

o

B
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Nonlinear Conjugate Gradient extension convergence analysis

Weakness of Fletcher and Reeves method

@ Suppose that p;. is a bad search direction, i.e. cos; ~ 0.

@ From the descent direction bound Lemma (see slide 89) we
have

L gl e o 122 g

>0
1 —co ||pk 1—c2 ||l

@ so that to have cos 6 ~ 0 we needs ||pg|| > ||gxl|-

@ since pg is a bad direction near orthogonal to gi it is likely
that the step is small and Tr+1 ~ xg. If so we have also

gi+1 ~ g and B ~
@ but remember that py11 «— —gr+1 + Bgﬁpk, so that
Pk+1 =~ Pk-
@ This means that a long sequence of unproductive iterates will

follows. §.;
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Nonlinear Conjugate Gradient extension Polack and Ribiére

Polack and Ribiére Nonlinear Conjugate Gradient

© The previous problem can be elided if we restart anew when
the iterate stagnate.

© Restarting is obtained by simply set B,fR =0.

© A more elegant solution can be obtained with a new definition
of 81 due to Polack and Ribiére is the following:

ﬂPR . g}?(gk — gk-1)
ko — T
9. _19k-1

© This definition of ﬁ,fR is identical of B,fp” in the case of
quadratic function because gggk_l = 0. The definition differs
in non linear case and in particular when there is stagnation
i.e. gr =~ gr_1 we have B,fR ~ 0, i.e. we have an automatic

restart. &
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Nonlinear Conjugate Gradient extension Polack and Ribiére

Polack and Ribiére Nonlinear Conjugate Gradient

initial step:
k «— 0; oo assigned;
fo < f(zo0); go — V(o
Po < —4go;
while ||g;|| > € do
k—k+1;
Conjugate direction method
Compute ay, by line-search;
Tk < Tp—1 + OkPk—1;
gr — Vi(zg);
Residual orthogonalization

BPR - 9 (gr—gr-1) .
k T
9 _19k-1

pr — —gk + B Epy_1;
end while g‘;
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Nonlinear Conjugate Gradient extension Polack and Ribiére

)T.

Weakness of Polack and Ribiére method (1/2)

@ Although the modification is minimal, for the Polack and
Ribiére method with strong Wolfe line-search it can happen
that p;. is not a descent direction.

@ If px is not a descent direction we can restart i.e. set
BER =0 or modify B as follows

ﬂ,fR+ = max{ﬁ,fR, 0}

this new coefficient with a modified Wolfe line-search ensure
that p;. is a descent direction.
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Nonlinear Conjugate Gradient extension Polack and Ribiére

Weakness of Polack and Ribiére method (2/2)

@ Polack and Ribiére choice on the average perform better than
Fletcher and Reeves but there is not convergence results!

@ Although there is not convergence results there is a negative
results due to Powell:

Theorem

Consider the Polack and Ribiére method with exact line-search.
There exists a twice continuously differentiable function

f: R3+— R and a starting point xq such that the sequence of
gradients { ||gx|| } is bounded away from zero.

@ However is spite of this results Polack and Ribiére is the first
choice among conjugate direction methods.
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Nonlinear Conjugate Gradient extension Polack and Ribiére

Other choices

@ There are many other modification of the coefficient (3 that
collapse to the same coefficient in the case o quadratic
function. One important choice is the Hestenes and Stiefel
choice

ws 91 (9k — gr-1)
HS _
(g — gl )pr-1

@ For this choice there is similar convergence results of Fletcher
and Reeves and similar performance.
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