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Quasi Newton Method

Algorithm (General quasi-Newton algorithm)

k —0;
xq assigned;
go — Vf(xo),
Hy — V2f(:130)_1,'
while ||g;|| > € do
— compute search direction
dy, — Hygyg,
Approximate argminy< o f(xy — Ady) by linsearch;
— perform step
Tyl — Tk — A\pdy;
gr+1 — Vi(@pi1),
— update Hy, 1
Hy g some,a/gorithm(Hk, Tk, Tk+1, Gk, gk+1) ;
k — k+1;
end while &
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The symmetric rank one update

@ Let By and approximation of the Hessian of f(x). Let xy,
Tri1, gr and gi11 and if we use the Broyden update formula
to force secant condition to B3 we obtain

(yx — Bysy)st

T Y
sksk

By 1« By +

where sy = xp11 — xr and yr = gr+1 — gr. By using
Sherman—Morrison formula and setting Hy = B,;l we obtain
the update:

(Hyiyr — si)s)
sts + st Hygpi1

Hy, «— Hj — k

@ The previous update do not maintain symmetry. In fact if Hy,
is symmetric then Hj 1 not necessarily is symmetric.

5
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The symmetric rank one update

@ To avoid loss of symmetry we can consider an update of the
form:

Hyq — Hy +uu”
@ Imposing the secant condition (on the inverse)
Hi 11y, = sk = Hyyy, + uu’y; = sy,
from previous equality
yi Hyyr + ypwu’ yi = yil sy =
yru = (yisp— ngkyk)l/z
we obtain

sy — Hyyr sk — Hyyx
= T = 12
Yk (ylsi — yl Hyyr) "/ %
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The symmetric rank one update

@ substituting the expression of u

s, — Hpyy
1
(yl'sk — yl Hyyr)

u =

/2

in the update formula, we obtain

'wkwg

Hj11 — Hp + —
Wy Yk

wy = s — Hyy;,

@ The previous update formula is the symmetric rank one
formula (SR1).

@ To be definite the previous formula needs w%yk #0.
Moreover if wgyk < 0 and Hjy, is positive definite then Hj 1
not necessarily is positive definite.
@ Have Hj; symmetric and positive definite is important for
global convergence &
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The symmetric rank one update

This lemma is used in the forward theorems

Lemma

Let be
1
q(x) = EwTA:L' —blx+c

with A € R™*"™ symmetric and positive definite. Then
Ye = Gk+1 — Gk
= Axp1 —b— Az, + b
= Asy,

where g, = Vq(z)T.

5
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The symmetric rank one update

Theorem (property of SR1 update)
Let be

1
q(x) = EccTAa: ~blx+ec

with A € R™*"™ symmetric and positive definite. Let be xo and
Hy assigned. Let xj, and H}, produced by

Q xpt1 =Xk + Sk/
@ Hj. 1 updated by the SR1 formula

T
wrw
Hpy — Hp+ ——= wy = s — Hpyy
Wy Yk
If sg, 81, ..., Sp—1 are linearly independent then H,, = AL

5
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The symmetric rank one update

Proof. (1/2).
We prove by induction the hereditary property H;y; = s; .

BASE: For i =1 is exactly the secant condition of the update.
INDUCTION: Suppose the relation is valid for k£ > 0 the we prove
that it is valid for k£ + 1. In fact, from the update formula

T
Hy1y; = Hyyj + wf} Lwy, wy, = 8 — Hpyy
k

k

by the induction hypothesis for j < k and using lemma on slide 8
we have

wiy; = sty; — yi Hyyj = sLy; — yi s;
=y Ay; —y} Ay; =0

so that Hy1y; = Hyy; =s; for j=0,1,....,k—1. Forj=k
we have Hj 1y, = Sj trivially by construction of the SR1 formula. &
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The symmetric rank one update

Proof. (2/2).
To prove that H, = A~ notice that

H,y; = sj, As; =yj, 7=0,1,....n—1
and combining the equality
H, As; = s, 7=01...,n—1

due to the linear independence of s; we have H, A =1 i.e.
H,=A"1 O

5
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The symmetric rank one update

Properties of SR1 update

@ The SR1 update possesses the natural quadratic termination
property (like CG).

@ SRI1 satisfy the hereditary property Hyy; = s; for j < k.

© SR1 does maintain the positive definitiveness of H, if and
only if 'wgyk > 0. However this condition is difficult to
guarantee.

@ Sometimes w,{yk becomes very small or 0. This results in
serious numerical difficulty (roundoff) or even the algorithm is
broken. We can avoid this breakdown by the following strategy

Breakdown workaround for SR1 update

0 if [wly| > €|lw]| lykl (i.e. the angle between wy, and yj is far
from 90 degree), then we update with the SR1 formula.

® Otherwise we set Hy 1 = Hy. &
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The symmetric rank one update

Properties of SR1 update

Theorem (Convergence of nonlinear SR1 update)

Let f(x) satisfying standard assumption. Let be {x}} a sequence
of iterates such that limy_, i, = x4. Suppose we use the
breakdown workaround for SR1 update and the steps {sy} are
uniformly linearly independent. Then we have

|H — V(x,) M| = 0.

lim ’
k—o0

[4 A.R.Conn, N.I.M.Gould and P.L.Toint
Convergence of quasi-Newton matrices generated by the
symmetric rank one update.
Mathematic of Computation 50 399-430, 1988.

5
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The Powell-symmetric-Broyden update
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The Powell-symmetric-Broyden update

@ The SR1 update, although symmetric do not have minimum
property like the Broyden update for the non symmetric case.

@ The Broyden update

yr — Agsy)si
A=A+ (T—)k
Sk Sk

solve the minimization problem
HAkJrl — AkHF < HA — Ak”F for all Ask = Yk

@ If we solve a similar problem in the class of symmetric matrix
we obtain the Powell-symmetric-Broyden (PSB) update

5
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The Powell-symmetric-Broyden update

Lemma (Powell-symmetric-Broyden update)

Let A € R™™™ symmetric and s,y € R™ with s # 0. Consider the
set

B={BeR""|Bs=y, B=B"}
if sTy +# 07 then there exists a unique matrix B € B such that
|A-=B|p<||A-C| g for all C € B
moreover B has the following form

T T T

ws® + sw T

B=A+4+ —M— —
+ T (w' s)

(sTs)2 w=y— As

then B is a rank two perturbation of the matrix A.

“This is true if Wolfe line search is performed &
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The Powell-symmetric-Broyden update

Proof. (1/11).
First of all notice that B is not empty, in fact

1 T 1 T
- B - _
TV € LTyyy ]s Yy

So that the problem is not empty. Next we reformulate the
problem as a constrained minimum problem:

n

1
arg min 5 Z (Aij — Bi;)? subject to Bs =y and B = BT

BER”XTL Z,]:]-

The solution is a stationary point of the Lagrangian:

1
9(B.AM) =S [A- B|%+ AT (By —s)+ Y _ pii(Bi; — Bji)
1<j

5
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The Powell-symmetric-Broyden update

Proof. (2/11).
taking the gradient we have
0
dB;j 9(B, A, B) = Aij — Bij + Aisj + Mi; = 0
where
ij if 1 < j;
Mij = § —pij  ifi> g,
0 If i =j.

The previous equality can be written in matrix form as

B=A+2xs" + M.
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The Powell-symmetric-Broyden update

Proof. (3/11).

Imposing symmetry for B

A+AsT + M =AT + AT+ MT =A+sA\T - M

solving for M we have

M- sAT — AsT
2
substituting in B we have
T T
B A+ EDN —;—)\s

5
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The Powell-symmetric-Broyden update

Proof. (4/11).

Imposing sT Bs = sTy

sT As + sTsATs —;— sTAsT's _ sTy N

A's = (sTw)/(sTs)

where w = y — As. Imposing Bs =y

AT AsT
As4 251725 8 —; o= Y =
2w (sTw)s

A= 8 Ew)s
sTs (sTs)?

next we compute the explicit form of B.

5
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The Powell-symmetric-Broyden update

Proof. (5/11).

Substituting
2w (sTw)s . sAT + AsT
A= — ————+ B=A+ —r——
sTs  (sTs)? " + 2
we obtain
T T T
ws” + sw T \ SS
B=A+ —7F— — (W 8)7—7—5 w=y— As
* sT's ( )(sTs)2 )
next we prove that B is the unique minimum.
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The Powell-symmetric-Broyden update

Proof. (6/11).
The matrix B is a minimum, in fact
T T T
ws” + Sw Ss
B-A|l.=|———— —(wl's)——
| 7 H Ts (w”s) (sTs)||

To bound this norm we need the following properties of Frobenius
norm:

2 2 2
o |[M — Nlp=|[Mlp+I[N|z—2M-N;
where M - N = Zij MijNij setting
ws? + swT 4

now we compute ||M]||z, ||IN|z and M - N.

5
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The Powell-symmetric-Broyden update

Proof. (7/11).

wTs

M.-N = TP Z w;8j + w;s;)sis;
iJ

= 32 (wisi)s; 2 1 (wys;)s; )]

sTs

T
= o Do S+ S T+l

_ :Tis [(wTs)(sTs) + (wTs)(sTs)}

(
_ 2(wT's)?

sTs)2
(s's) B
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The Powell-symmetric-Broyden update

Proof. (8/11).

To bound || N |5 and || M| we need the following properties of
Frobenius norm:

° HuvTHF (uTu)(vTv);

o ||uv” + UuTHF = 2(ulu)(viv) + 2(ulv)?;
Then we have

(w”

5y
Ty & 9 = Ty

(W S sT
[ ||F—(S—4H =

(s”
ws sw T S S sw2
o — 5T T 42T

Quasi-Newton methods for minimization 24 / 63



The Powell-symmetric-Broyden update

Proof. (9/11).
Putting all together and using Cauchy-Schwartz inequality
(a”b < [lal||[|b]]):
(wTs)?  2wlw)(sTs) +2(sTw)?> 4(wTs)?
HM—N”%: T2 Tg)2 T (sTg)2
(sTs) (s's) (s's)
_ 2wlw)(sTs) — (w''s)?
a (s”s)
T 2
L:T‘: |||‘L:“||2 [used Cauchy-Schwartz]

Using w = y — As and noticing that y = C's for all C' € B. so
that

lw[l = lly — As|| = [[Cs — As| = [|(C — A)s||

5
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The Powell-symmetric-Broyden update

Proof. (10/11).

To bound ||(C — A)s|| we need the following property of
Frobenius norm:

o [Mz| < | M| =l

in fact
1Mzl = 3 (3 Mysy) < 3 (EM3) (X )
i J i J k
= [|M])% s])?

using this inequality

|lwll _ [(C = A)s|| _ [|IC — Allgs]

IM - N|p < = <
T sl 5] Il

i.e. we have ||[A — B|, <||C — Al forall C € B. &
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The Powell-symmetric-Broyden update

Proof. (11/11).
Let B’ and B” two different minimum. Then (B’ + B”) € B
moreover

1 / ! ]‘ / ]‘ 1
HA—(B +8)| <3la-B,+;]4-B

. I

If the inequality is strict we have a contradiction. From the
Cauchy—Schwartz inequality we have an equality only when
A — B' = \A - B") so that

B — \B" = (1-XNA
and

B's—AB"s=(1-))As = (1-ANy=(1-))As

but this is true only when A =1, i.e. B’ = B”. O &
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The Powell-symmetric-Broyden update

Algorithm (PSB quasi-Newton algorithm)

k «+0;
x assigned; g «— Vf(z);, B « Vf(x);
while ||g|| > ¢ do
— compute search direction
d — B7lg; [solve linear system Bd = g]
Approximate argmin o f(x — ad) by linsearch;
— perform step
T —x—ad;
— update Byy1
w— Vf(x)+ (e —1)g;, g« Vi(z),
B a (ade)_l,' vy~ 52adTw;
B+ B — ﬁ(dwT + wdT) + ydd?’;
k—k+1;
end while

B
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The Davidon Fletcher and Powell rank 2 update
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The Davidon Fletcher and Powell rank 2 update

@ The SR1 and PSB update maintains the symmetry but do not
maintains the positive definitiveness of the matrix Hy1. To
recover this further property we can try the update of the
form:

Hy.1 — Hy + auu’ + oo’

@ Imposing the secant condition (on the inverse)
Hy 1y, = sk =
Hyy + o(u"yp)u + B(v yr)v = sy, =
a(u’yr)u + B(v" yr)v = s, — Hyys

clearly this equation has not a unique solution. A natural
choice for w and v is the following:

U = Sg v = Hyyy &
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@ Solving for a and § the equation
r THy ) Hyyy, = H
o8y Yr)sk + B(yy, Hiyr) Hryr = s — Hpys,

we obtain

1 5 1
o = = -
sy yl Huyy

@ substituting in the updating formula we obtain the Davidon
Fletcher and Powell (DFP) rank 2 update formula

T T
SLS H H
Hy1 — Hj + kS HEYrY Hi

sty yi Hyyy

@ Obviously this is only a possible choice and with other
solution we obtain different update formulas. Next we must
prove that under suitable condition the DFP update formula
maintains positive definitiveness.
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The Davidon Fletcher and Powell rank 2 update

Positive definitiveness of DFP update

Theorem (Positive definitiveness of DFP update)

Given Hy, symmetric and positive definite, then the DFP update

T T
SKS Hkyky Hk
Hyyy — Hp+ 5 — —2 %
S1. Yk Y. Hiyy

produce Hy 1 positive definite if and only if s;{yk: > 0.

Remark (Wolfe = DFP update is SPD)

Expanding s;fyk > 0 we have Vf(xyyi1)sy > Vi(xy)sy -
Remember that in a minimum search algorithm we have s, = appy
with o, > 0. But the second Wolfe condition for line-search is
Vi(xy + arpr)pr > c2 VIi(xk)pr with 0 < ¢ < 1. But this imply:

Vi(xgi1)sy > co Vi(xg)sy > Vi(xg)sy = S;‘gyk > 0. &
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The Davidon Fletcher and Powell rank 2 update

Proof. (1/2).
Let be s y;, > 0: consider a z # 0 then

B HkykykTHk>z T, SkS;‘fz

yl Hyyy, styy

ZTHk-Jrlz = ZT (Hk

(2" Hyyy)(yf Hyz) n (27's1,)?

T
=z sz —
yi Hyyp, SL Yk

Hj. is SPD so that there exists the Cholesky decomposition
LL" = H,,. Defining a = Lz and b = L™y;, we can write

(a’a)(b"d) — (a7)* (=" si)?

T _
2 Hypz = bTb sty

from the Cauchy-Schwartz inequality we have
(a”a)(b”b) > (a’'b)? so that 2" H, 1z > 0. &
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The Davidon Fletcher and Powell rank 2 update

Proof. (2/2).
To prove strict inequality remember from the Cauchy-Schwartz
inequality that (a”a)(b”b) = (a”b)? if and only if @ = \b, i.e.

LTz = XLy, = z = A\yg

but in this case
T \2 Tg )2
G _ oW o o TH,zso

T T
Sk Yk Sk Yk

Let be 2" H},_ 1z > 0 for all z # 0: Choosing z = y;, we have

Ol

5
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The Davidon Fletcher and Powell rank 2 update

Algorithm (DFP quasi-Newton algorithm)

k —0;
x assigned; g « Vf(x); H «— Vf(x)7L;
while ||g|| > € do
— compute search direction
d— Hg,
Approximate argmin o f(x — ad) by linsearch;
— perform step
T —x—ad;
— update Hy, 1
y < Vf(z)—g; z< Hy; g+« Vf(z);

T
H«+— H — aﬁ — ﬁ,‘
dly yTz
k—k-+1;
end while

5
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The Davidon Fletcher and Powell rank 2 update

Theorem (property of DFP update)

Let be q(z)=3(z—z.)TA(x —x.)+c with A€ R™"
symmetric and positive definite. Let be xy and Hq assigned. Let
{xr} and {H}} produced by the sequence {sy}

o L1 < T + Sk,

T T
SES Hkyky Hk
@ Hippi— Hy+ 7t - — =,

Si. Yk Y, Hiyg
where s, = aipr. with ay, is obtained by exact line-search. Then
for j < k we have

(1) ngsj =0; [orthogonality property]
Q@ Hy; =s;; [hereditary property]
Q sI'As;=0; [conjugate direction property]

Q The method terminate (i.e. Vf(x,,) =0) at x,,, = x, with
m<n. Ifn=m then H, = A™1.

5

Quasi-Newton methods for minimization 36 / 63



The Davidon Fletcher and Powell rank 2 update

Proof. (1/4).

Points (1), (2) and (3) are proved by induction. The base of
induction is obvious, let be the theorem true for £ > 0. Due to
exact line search we have:

T
9i+15k =0

moreover by induction for j < k we have 91{+13j =0, in fact:
91185 = 9; i + Zi:j (9i+1—9i)" s;
k—1 .
=0+ Zi:j (A(@ir1 — z4) — Az; — ) s;

= Y (@ — =),

k—1
= E o sz-TAsj =0. [induction + conjugacy prop.] &
i=j

’
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The Davidon Fletcher and Powell rank 2 update

Proof. (2/4).
By using sip+1 = —ak+1Hg119k+1 we have S{_HAS]' =0, in fact:
T T
Sjr1A8; = —or1g 1 Hpr1(Azj 1 — Ax))

= —arr1gir Hen (A(zjn — 2.) — A(z; — 2.))
= —apr198 1 Hrv1(9541 — 95)

= —apr198 1 Hi1y;

= —anggHsj [induction + hereditary prop.]

=0

notice that we have used As; = y;.

5
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Proof. (3/4).

Due to DFP construction we have

Hy 1y = sg

by inductive hypothesis and DFP formula for j < k we have,
sfyj = szsj = 0, moreover

sksty;  Hiyey! Hypy;
sty yi Hyyp

H, . ,1y; = Hpy, +

sk0  Hyyryls;
sty yi Heys

= s+ [Hyy; = s;]

e Hyyi(gei1 — gx)"s;
’ y} Hyyk

[y; = gj+1 — gj]

=x: [induction + ortho. prop.] &

v
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The Davidon Fletcher and Powell rank 2 update

Proof. (4/4).
Finally if m = n we have s; with j = 0,1,...,n — 1 are conjugate
and linearly independent. From hereditary property and lemma on
slide 8

H, As;, = H,y;, = s,
i.e. we have

HnAsk:Sk, k‘ZO,l,...,TL—l

due to linear independence of {s;} follows that H, = A1 O

4

5
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

@ Another update which maintain symmetry and positive
definitiveness is the Broyden Fletcher Goldfarb and Shanno
(BFGS,1970) rank 2 update.

@ This update was independently discovered by the four authors.

@ A convenient way to introduce BFGS is by the concept of
duality.

@ Duality means that if | found an update for the Hessian, say

Byy1 — U(By, Sk, Yk)

which satisfy Bj18, = yi (the secant condition on the
Hessian). Then by exchanging By = H}, and s = yj we
obtain the update for the inverse of the Hessian, i.e.

Hy 1 — U(Hy, yg, si)

which satisfy Hy 1y = s (the secant condition on the
inverse of the Hessian). &
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

e Starting from the Davidon Fletcher and Powell (DFP) rank 2
update formula

Skst B Hyryl Hy,
S, Yk yl Hyyy,

by the duality we obtain the Broyden Fletcher Goldfarb and
Shanno (BFGS) update formula

@ The BFGS formula written in this way is not useful in the case
of large problem. We need an equivalent formula for the
inverse of the approximate Hessian. This can be done with a
generalization of the Sherman-Morrison formula.

5
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Sherman-Morrison-Woodbury formula

Sherman-Morrison-Woodbury formula permit to explicit write the
inverse of a matrix changed with a rank k perturbation

Proposition (Sherman—-Morrison—-Woodbury formula)

(A+UVvD)l=al- AU+ Vi) 'vTA!

where

U:[ul,uz,...,uk] V:[vl,vg,...,vk]

The Sherman—Morrison—-Woodbury formula can be checked by a
direct calculation.

5
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Sherman-Morrison-Woodbury formula

The previous formula can be written as:

k
(A + Zuwf)_l —Al-AlyuclvTA!
i=1

where

Cij:&-j—i—viTuj ,,7=1,2,...,k

5
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update
The BFGS update for H

By using the Sherman-Morrison-Woodbury formula the BFGS
update for H becomes:
H ot I'H,
Hy.q — Hj, — kyksk;‘-skyk k
S Yk
k
. . (4)
Sk Sk, Y Hiyk
SL Yk Si Yk
Or equivalently
T T T
SkY YiS SkS
Hipr — (1- 229l (1-228) . 20 ()
S Yk S Yk S Yk

L
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update
Proof. (1/3).

Consider the Sherman-Morrison-Woodbury formula with £ = 2 and

B LN
(sfyk)l/2 (s{Bksk)l/2

in this way (setting Hy, = B,;l) we have

Uy = vy =

I'H
Ci1 = 1—{—’0{’(1,1 = 1—}—7ykT s

SL Yk

T'B,H,B

Cop = 1+ 0fuy = —BZEZRTRE 31—

S Bksk
Ci2 = v{uz = ykTBksk = (SgBksk)l/Z

(8L yk)V/?(s] Bysy)/? (st yw)/?

021 = U;U1 = _012 &
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update
Proof. (2/3).

In this way the matric C' has the form

(B « 11 (0 -«
o=(55) -2 F)

g1 YeHiye (s Bisi)' 2
ST Yk (st yr)/2

where setting U = H,U and V = H,V where
ﬁi:Hkui and @szvi i:1,2

we have

H,.,— H,-HUCWVTH,=H,-UC VT

1, = 1]
= Hj, + —(—u10% + 01 ) — Su
L a( 105 207 ) 2 20, &
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Proof. (3/3).
Substituting the values of «, 8, w's and ¥'s we have we have
T T
SiLS H
I; % <1+ykayk>
Sk Yk Sk Yk

Hyyyst + spy} Hy,
Sfyk

Hj.y — Hjy, — +

At this point the update formula (B) is a straightforward
calculation. )
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Positive definitiveness of BFGS update

Theorem (Positive definitiveness of BFGS update)

Given Hy, symmetric and positive definite, then the DFP update

T T T
Hir o (1- 220 m, (1- 22k ) 4 220

T T T
Sk Yk S Yk Sk Yk

produce Hy 1 positive definite if and only if s;{yk: > 0.

Remark (Wolfe = BFGS update is SPD)

Expanding s;fyk > 0 we have Vf(xyyi1)sy > Vi(xy)sy -
Remember that in a minimum search algorithm we have s, = appy
with o, > 0. But the second Wolfe condition for line-search is
Vi(xy + arpr)pr > c2 VIi(xk)pr with 0 < ¢ < 1. But this imply:

Vi(xgi1)sy > co Vi(xg)sy > Vi(xg)sy = Sfyk > 0. &
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update
Proof.

Let be sgyk > 0: consider a z # 0 then

T T (z"s1)? si%
z' Hyp1z=w Hyw+-—F—— where w=2z—y;—
Sk Yk Sk Yk

In order to have z” H},, 12 = 0 we must have w = 0 and

2"s;, = 0. But z7s, = 0 imply w = z and this imply z = 0.
Let be 2" H}, 1z > 0 for all z # 0: Choosing z = y;, we have

T, \2
Sk Yk

0 < y{ Hipayr = G3 D o S SI. Yk
S Yk

and thus sfyk > 0.
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Algorithm (BFGS quasi-Newton algorithm)

k —0;
x assigned; g « Vf(x); H «— Vf(x)7L;
while ||g|| > € do
— compute search direction
d— Hg,
Approximate argmin o f(x — ad) by linsearch;
— perform step
T —x—ad;
— update Hy, 1
y < Vf(z)—g;, z< Hy; g« Vf(z),

zd" + dz" yl'z\ dd”
e = (a*ﬁy)m'
k—k-+1;
end while

5
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Theorem (property of BFGS update)

Let be q(z)=i(xz—z.) Az —z.)+c with A€ R
symmetric and positive definite. Let be xy and Hq assigned. Let
{xr} and {H}} produced by the sequence {sy}

o L1 < T + Sk,

T T T
Sk LS SiS
@ Hip— (-2 )m,(1-Y2k) 4 20k,
S Yk S Yk S Yk
where s, = aipr. with oy, is obtained by exact line-search. Then

for j < k we have

(1) ngsj =0; [orthogonality property]
Q@ Hy; =s;; [hereditary property]
Q sI'As;=0; [conjugate direction property]

Q The method terminate (i.e. Vf(x,,) =0) at x,,, = x, with
m<n. Ifn=m then H, = A™1.

' B
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Proof. (1/4).

Points (1), (2) and (3) are proved by induction. The base of
induction is obvious, let be the theorem true for £ > 0. Due to
exact line search we have:

T
9i+15k =0

moreover by induction for j < k we have 91{+13j =0, in fact:
91185 = 9; i + Zi:j (9i+1—9i)" s;
k—1 .
=0+ Zi:j (A(@ir1 — z4) — Az; — ) s;

= Y (@ — =),

k—1
= E o sz-TAsj =0. [induction + conjugacy prop.] &
i=j

’
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Proof. (2/4).
By using sip+1 = —ak+1Hg119k+1 we have S{_HAS]' =0, in fact:
T T
Sjr1A8; = —or1g 1 Hpr1(Azj 1 — Ax))

= —arr1gir Hen (A(zjn — 2.) — A(z; — 2.))
= —apr198 1 Hrv1(9541 — 95)

= —apr198 1 Hi1y;

= —anggHsj [induction + hereditary prop.]

=0

notice that we have used As; = y;.

5
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Proof. (3/4).
Due to BFGS construction we have

Hy 1y = si,

by inductive hypothesis and BFGS formula for j < k we have,
s{yj = szsj =0,

T T T
SkY S Yj SkSLY;
Hir1y; = (I a sTy];)Hk (yj - séy; yk) - ST];kJ
k k k
T
SKY, ) si0
= (I- Hyyj+ - —  [Hey; = sj]
( s}{yk ! S;;Fyk ! !
T
Y S5
= Sj = 735‘, J Sk
r Yk

— b
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The Broyden Fletcher Goldfarb and Shanno (BFGS) update

Proof. (4/4).
Finally if m = n we have s; with j = 0,1,...,n — 1 are conjugate
and linearly independent. From hereditary property and lemma on
slide 8

H, As;, = H,y;, = s,
i.e. we have

HnAsk:Sk, k‘ZO,l,...,TL—l

due to linear independence of {s;} follows that H, = A1 O

4

5
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The Broyden class

Outline

@ The Broyden class

5
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The Broyden class

@ The DFP update

_ Hyyis), + sry; Hy N SkSL (1 n ykTHkyk>

FJBFGS H
k41 ¢ k T T T
SLYk Sk Yk Sk Yk

and BFGS update

T T
Hir” = Bt sTye  yi Hiy
k k

maintains the symmetry and positive definitiveness.
@ The following update

HY., — (1 O)HPE" + 0HPECS

maintain for any 6 the symmetry, and for 6 € [0, 1] also the
positive definitiveness.

5

Quasi-Newton methods for minimization 59 / 63



The Broyden class
Positive definitiveness of Broyden Class update

Theorem (Positive definitiveness of Broyden Class update)

Given Hy, symmetric and positive definite, then the Broyden Class
update

Hf  — (1-0)HPE" + 0HZCS

produce H}‘ZH positive definite for any 0 € [0, 1] if and only if

sfyk. > 0.

5
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The Broyden class

Theorem (property of Broyden Class update)

Let be q(z)=i(x—z)TA(x —z.)+c with A€ RV™
symmetric and positive definite. Let be xg and Hy assigned. Let
{xy} and {H}} produced by the sequence {sy}

Q zpp1 — T+ Sk

Q@ H) ,— (1-0)HPHY +9HPICS,

where s, = aipr. with oy, is obtained by exact line-search. Then
for j < k we have

o ngsj =0, [orthogonality property]
Q@ Hy; =s;; [hereditary property]
Q sI'As; =0; [conjugate direction property]

© The method terminate (i.e. Vf(x,,) =0) at x,,, = x, with
m<n. Ifn=m then H, = A~ 1.

5
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The Broyden class

@ The Broyden Class update canbe written as
ng+1 = HljészlP + Qwpwy
= Hi)4% + (6 - Dwywy,

where

Sk chyk]

T 1/2

@ For particular values of 6 we obtain
@ 0 =0, the DFP update
@ 0 =1, the BFGS update
© 0 =slyi/(skx — Hyyi)"yi the SR update
Q 0= (1% (yf Hyyx/styx)) ' the Hoshino update

B

Quasi-Newton methods for minimization 62 / 63



The Broyden class
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