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The Trust Region method Introduction

@ Newton and quasi-Newton methods approximate a solution
iteratively by choosing at each step a search direction and
minimize in this direction.

@ An alternative approach is to to find a direction and a
step-length, then if the step is successful in some sense the
step is accepted. Otherwise another direction and step-length
Is chosen.

@ The choice of the step-length and direction is algorithm
dependent but a successful approach is the one based on trust
region.
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The Trust Region method Introduction

@ Newton and quasi-Newton at each step (approximately) solve
the minimization problem

argmin  my(s)
S

1
my(s) = f(xr) + Vi(xxr)s + §STHks
in the case Hy, is symmetric and positive definite (SPD).
e If H;. is SPD the minimum is
s=—H'g,, gr=Vif(x)"

and s is the quasi-Newton step.
o If H; = V?*f(x;) and is SPD, then s = —V2f(x;,) ' Vf(xz;)T
is the Newton step.
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The Trust Region method Introduction

o If H; is not positive definite, the search direction —Hk_lgk7
may fail to be a descent direction and the previous
minimization problem can have no solution.

@ The problem is that the model my(s) is an approximation of
f()

m(s) ~ f(x, + s)

and this approximation is valid only in a small neighbors of xy.

@ So that an alternative minimization problem is the following

arg min my(s) subject to ||s|| < Ag
S

Ay, is the radius of the trust region of the model my(s), i.e.
the region where we trust the model is valid.
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The Trust Region method The generic trust region algorithm

Algorithm (Generic trust region algorithm)

x assigned; A assigned;
while |Vf(x)| > ¢ do
— setup the model
m(s) = f(z) + Vf(z)s + :sT Hs;
— compute the step
S — argmingg<a mM(8);
Tnew < T+ 8;
— check the reduction
if is @, acceptable? then
L < Tpew,
update A;
else
reduce A;
end if
end while &
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The Trust Region method The generic trust region algorithm

When accept the step?

@ The point @, in the previous algorithm can be accepted or
rejected. The acceptance criterium can be the Armijo
criterium of sufficient decrease

f(wnew) S f(:])‘) + Bva(w)(wnew - 33‘)

where 3y € (0,1) is a small constant (typically 107%).

@ Alternatively compute the expected and actual reduction with
the ratio p:

Pred = m(0) —m(8), @req = f(x) — f(x + 8),
P = ared/pred

If the ratio p is near 1 the match of the model with the real
function is good. We accept the step if p > 31 where

B1 € (0,1) normally By ~ 0.1. 5

The Trust Region method The generic trust region algorithm

If the step is rejected how to reduce the trust radius ?

@ We construct the parabola p(t) such that (s = Zpew — @)

p(0) = f(z),  p(0)=Vf(z)s, p(A)= f(®new)
the solution is
p(t) = f(z) + (Vf(z)s)t + Ct?

f(@new) — f(x) — (Vf(z)s)A
AQ

@ The new radius is on the minimum of the parabola:

(Vf(x)s) _ A?(V f(x)s)
2C 2[f(x) + (Vf(x)s)A — f(Tnew)]

@ A safety interval is normally assumed; if the new radius is
outside [A/10, A/2] then it is put again in this interval. &
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The Trust Region method The generic trust region algorithm

If the step is acceped how to modify the trust radius 7

@ Compute the expected and actual reduction
Pred = m(0) —m(s)
ared = f(2) — f(x + 5)
@ Compute the ratio of expected and actual reduction

Ared

Pred

e Compute the new radius

max{2 ||s||,A} if p> B
Anew — A if P S (51762)
Isll /A it p<fi

Be
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The Trust Region method The generic trust region algorithm

Algorithm (Check reduction algorithm)

CheckReduction(x, s, A);
xr+s
Vf(x)s
f(@®) = f[(®new)
—a—sTHs/2
ared/pred
max{2|s||,r} if p> 0o
r if pe€ (B, 0B2)
Il /2 i p<p
if p < 3 then
— reject the step

Lnew < L

end if

Lnew
(07

Ared
DPred
p

TT 1117

)

rnew

y &
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The Trust Region method A fundamental lemma

Consider the following constrained quadratic problem where
H € R™ ™ symmetric and positive definite.
1
Minimize f(s)=fo+gls+ §sTHs,
Subject to  ||s|| < A

Then the following curve
s(p) = —(H +pl)™g,

for any ;i > 0 defines a descent direction for f(s). Moreover

@ there exists a unique ji, such that ||s(u.)|| = A and s(u) is
the solution of the constrained problem;

@ or||s(0)]| < A and s(0) is the solution of the constrained
problem. &
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The Trust Region method A fundamental lemma

Proof. (1/2).

If ||s(0)|| < A then s(0) is the global minimum of f(s) which is
inside the trust region. Otherwise consider the Lagrangian

1 1
[’(87/~L> = fO + gTS + §STH8 + §M(STS o A2)7
Then we have

8_/3
0s

and s”s = A2. Remember that if H is SPD then H + uI is SPD
for all 4 > 0. Moreover the inverse of an SPD matrix is SPD. From

(s,u) =Hs+pus+g=0 = s=—(H+ul)'g

gl's=—g'(H+ul)'g<0 for all u >0

follows that s(u) is a descent direction for all ;> 0.

L
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The Trust Region method A fundamental lemma

Proof. (2/2).

To prove the uniqueness expand the gradient g with the
eigenvectors of H

n
g = E o U;
i=1

H is SPD so that u; can be chosen orthonormal. It follows

H+pl) g = (H+pl)™! iU :
(H +pI)~'g = (H + pI) ;au ZA u

n

2
(0%
H 4 ul)~ S

and H (H 4+ pl)~ gH is a monotonically decreasing function of
- of B
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The Trust Region method A fundamental lemma

Remark
As a consequence of the previous Lemma we have:

@ as the radius of the trust region becomes smaller as the scalar
i becomes larger. This means that the search direction
become more and more oriented toward the gradient direction.

@ as the radius of the trust region becomes larger as the scalar
i becomes smaller. This means that the search direction
become more and more oriented toward the Newton direction.

Thus a trust region technique not only change the size of the
step-length but also its direction. This results in a more robust
numerical technique. The price to pay is that the solution of the
minimization is more costly than the inexact line search.

but what happen when H is not positive definite 7
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The Trust Region method The non positive definite case

Lemma

Consider the following constrained quadratic problem where
H < R™"™ js symmetric with \1 < Ay < --- < )\, its eigenvalues.

1
argmin f(s),  f(s)=fo+g' s+ ;s Hs,
Isll<A

Then the following curve

s(p) = —(H +pI) g,

for any ;. > —\1 defines a descent direction for f(s) and H + uI
is positive definite. Moreover

o or ||s(0)|| < A with g*'s(0) < 0 and s(0) is a local minima of
the problem;

@ or there exists a . > —\,, such that ||s(p)|| = A and s(p.)
is a local minima of the problem; g

v
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The Trust Region method The non positive definite case

Proof. (1/6).

Consider the Lagrangian

1
L(s,p€) = fot+g' s+ §STH8

+ %M(STS +6& - A%) +w(g's + 6%,
where
sTs+ e —A?
is the constraint ||s|| < A? on the length of the step and

gTS—|—52

Is the constraint gTs < 0 on the step that must be descent

L
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Proof. (2/6).

Then we must solve the nonlinear system:
0sL(s, p,w,€,0) = Hs+ pus+ (1+w)g =0
20,L(s, 1, w,€,0) = sTs+e —A?=0
OL(s, p,w,e,0) =gls+62=0
O L(S, phyw,€,0) = pe =0
OsL(8, p,w,€,0) = 20w =0

from the first equation we have:

—1
= —(H +pI)™!
<= e
and if we want a descent direction g”'s < 0 which imply w = 0. &
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The Trust Region method The non positive definite case

Proof. (3/6).

So that we must solve the reduced non linear system
s=—(H+ul) g
sTs+e—-A2=0
gls = —§2

pe =0

combining the first and third equation we have

g (H+pl) 'g=6">0

| L
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The Trust Region method The non positive definite case

Proof. (4/6).
If € # 0 then we must have =0 and

|[-H 'g|| = sl <A
with g" H=1g > 0. If ¢ = 0 then we must have
|=(H +uD)"g| = lIsll = A

with g (H + pI)~'g > 0. Expand g = Y. | a;u; with an
orthonormal base of eigenvectors of H it follows

n 2
H N-lall = Q;
e+ 1) gl = 3 13-
n 2
H—|— T 1 — Q;
el pnl)” g Dy v

| B
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The Trust Region method The non positive definite case
Proof. (5/6).

H (H + pI)~ g|| is a monotonically decreasing function of u for
[t > — A where k is the first index such that oy # 0. For example

||(H+NI g” = (p+ 1)_2 + 2(p — 1)_2 +3(N_2)_2
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The Trust Region method The non positive definite case

Proof.
Thus, or

|-H g = ||s|| < A with g" H g > 0.

or let be k the first index such that aj # 0, we can find a
> — Ak such that

n 2
|-(H +u1) gl = 3 s = A
;(Aﬂruﬁ
1 —~ o
g(H +pul)~'g = ZA-LN >0

(6/6).

Trust Region Method

Convergence analysis
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© Convergence analysis
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Convergence analysis Cauchy point

Algorithm (Basic trust region algorithm)

x( assigned;, A assigned;, k «— 0;
while | Vf(xy)|| # 0 do
mi(s) = f(zy) + Vf(zg)s + 38T Hys; — setup the model
Sk < argminjg<a, Mk(8); — compute the step
Th+1 < Tk + Sk,
pe — (f(®k) = f(@r41))/(me(0) — my(sk)),
— check the reduction
if p > (2 then
Apiq — 2Ag; — very successful
else if p. > (1 then
A1 — Ayg; — successful
else
Api1 — Ay/2; T — xg; — failure
end if
k — k+1;
end while &

v
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Convergence analysis Cauchy point

Cauchy point

Definition

Global minima in the gradient direction

Consider the quadratic

Minima in the gradiente direction inside

1
m(s) = fo+gls+ §STHS
and the minimization problem

s(A) = arg min m(s)
se{—tg | t>0,]—tg||<A}

The point s¢(A) is called
Cauchy point or step.

Minima of the quadfatic model
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Convergence analysis Cauchy point

Estimate the length of the Cauchy step

Lemma

For the Cauchy step the following characterization is valid:

s°(A) = —T(A)ﬁ

A if g"Hg<0
T(A) = lgll’ :
min , A if g"Hg >0
{gTH g
Moreover
| gl }
7(A) > min{ ——, A
@2 min{ 435

where o(H ) is the spectral radius of H %
Consider

2 gTHg
o 2
2 gl

h(t) = m(—tg/|lgll) = fo—tlgll +

h(t) is a parabola in t and if g/ Hg < 0 then the parabola
decrease monotonically for ¢ > 0. In this case the point is on the
boundary of the trust region (t = A).

If g" Hg > 0 the parabola is decreasing until the global mimima at

3
gl

-
g"Hg

Otherwise we separate the case if the minimum of the parabola is
inside or outside the trust region. (cont.)

v

B
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Convergence analysis Cauchy point

| Conemeenaes G

Consider an onthonormal base of eigenvectors for H and write g if
this coordinate:

9= Z Uy
i=1
so that
9’ Hg Y hoi _ Yisi|hled _ o
T _ n 2 — n 2 — Q( )
99 D ie1 O > im1 G
and finally

Trust Region Method

Convergence analysis Reduction obtained by the Cauchy point

Estimate the reduction obtained by the Cauchy step

In the convergence analysis is important to obtain estimation of
the reduction of the function to be minimized.

A first step in this direction is the estimation of the reduction of
the model quadratic function.

Lemma
Consider the quadratic

1
m(s) = fo+g’s+ §STH8

then for the Cauchy step we have:

coan s Lo o gl
m(0)  m(s*(a)) 2 3 gl min { &, |

B
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Convergence analysis

Compute

T(A)

m(0) —m(s°(A)) = 7(A) [lgll - AP

g'Hg

If g" Hg < 0 for lemma on slide N.25 we have 7(A) = A

m(0) = m(s"(8)) = Algl = 50" Ho
AgTHg
A (ngu = )
> Allg]

(cont.)

Reduction obtained by the Cauchy point

| Conmnce s B edctin ind by e ey o |

o

Trust Region Method

Convergence analysis

Proof.
If g Hg > we have

r(A) = min{|lg|* /(g"Hg), A}

(@) (lgl - 5 min { Il &

() (lgll - 311

oy
2

L .
— min

2

g'Hg
2
gl

7(A)3 llgl

so that in general m(0) — m(s(A)) > 7(A)3 ||g]|-

)

]

Be
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Reduction obtained by the Cauchy point

\
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Convergence analysis Reduction obtained by the Cauchy point

@ A successful step in trust region algorithm imply that the ratio

_ f(@r) — f(xk + i)

mk(O) — mk(sk)

is greater than a constant (3; > 0.

@ Any reasonable step in a trust region algorithm should be no
(asymptotically) worse than a Cauchy step. So we require

my(0) — mg(sg) > 1 [mg(0) — mg(s°(Ag))]

for a constant n > 0.
@ Using lemma on slide N.28

f(xr) — f(zp + sk) = pr(mi(0) — my(sk))
> prn [mi(0) — my(s°(Ag))]

_ b wan}

> 5 ||Vf(:ck)||min{Ak, o(FL)
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Convergence analysis Reduction obtained by the Cauchy point

@ Thus any reasonable trust region numerical scheme satisfy

nB1 IV f(x)| }
2 o(Hy)

for any successful step (for unsuccessful step @1 = @p).

F@n) - f@ia) = 8|V ()] min {Ak,

@ Let S the index set of successful step, then

(o) = lim f () >

W 1 o o I
G {a, EL2dl]

thus we can use arguments similar to Zoutendijk theorem to
prove convergence.

@ To complete the argument we must set conditions that
guarantees that A, 4 0 as £k — oo and that cardinality of S

is not finite. &
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Convergence analysis Reduction obtained by the Cauchy point

Technical assumption

The following assumptions permits to characterize a class of
convergent trust region algorithm.

For any successful step in trust region algorithm, the ratio

_ J(=r) — f(xk + i)

mk(O) — mk(sk)

is greater than a constant (31 > 0.

For any step in trust region algorithm, the model reduction for a
constant 11 > 0 satisfy the inequality:

my(0) — mg(s) = 1 [mi(0) — my(s°(Ap))] ) B
Convergence analysis Reduction obtained by the Cauchy point

The following lemma permits to estimate the reducion ratio p; and
conclude that there exists a positive trust ray A for which the
step is accepted!.

Let be f € C'(R™) with Lipschitz continuous gradient

IVf() = Vi)l <vle—yl

and apply basic trust region algorithm of slide N.23 with
assumption of slide N.33 then we have

(1 — Ba)n |V f ()]
Bk 2 o (F) + )

for any accepted step.

|V

Trust Region Method 34 / 82



Reduction obtained by the Cauchy point

Convergence analysis

Proof.
By using Taylor's theorem

fxr + sx) = flar) + Vf(zp)se
1

b [ 19 et~ V(@]
0

so that
mi(sk) — f(xr+sk) = (sp Hysi)/2
- /01 V1 (x + tox) — V(@) s dt
and

sfHksk
2

o(Hy) +~

2
DT sy

(cont.)/ &
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mi(sk) = f (@i + s0)]| < + 2 llsi* <

Trust Region Method

Convergence analysis Reduction obtained by the Cauchy point

Proof.

using these inequalities we can estimate the ratio

flay) — flan+sk) | _ Im(sk) = fl@k + si)l
my(0) — my(sk) M (0) — my(sg)]

1 (eE)+ ) sl
— 21 |mg(0) — my(s(A))]
(o(Hy) + v)A?

n ||V f ()| min {A, %}

IN

(cont.)

36 / 82

|V

Trust Region Method



Convergence analysis Reduction obtained by the Cauchy point

Proof.
If A < ||Vf(x)|| /o(Hy) we obtain

(o(Hy) +v)A
NIV f(zy)|

o — 1] <

so that when Ay, < A:

A= A= B)n|[V ()|
(o(Hk) + )

than pr > 1 — (35 and the step is accepted ]
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Convergence analysis Reduction obtained by the Cauchy point

||V

Corollary

Apply basic trust region algorithm of slide N.23 with assumption of
slide N.33 to f € C}(R™) with Lipschitz continuous gradient

IVf(z) = Vi)l <vle—yl

then we have

. n?61(1 — 32) IV £ ()|
flao) = flww) 2 = ,; o(Hy) +7

moreover if o(H}) < C for all k we have

keS 4(C +~

F () — lim flay) = TPUL= )2) SV f )|
keS

|W
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Convergence analysis Reduction obtained by the Cauchy point

Convergence theorem

Theorem (Convergence to stationary points)

Apply basic trust region algorithm of slide N.23 with assumption of
slide N.33 to f € C}(R™) with Lipschitz continuous gradient

IVf(x) = Vi@l <vllz—yl
if the set
K={z|f(®) < (o)}
is compact and o(Hy) < C for all k we have

lim Vf(a:k) =0

k—oo )
A trivial application of previous corollary. [] \ g
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Convergence analysis Reduction obtained by the Cauchy point

Convergence theorem

Theorem (Convergence to minima)

Apply basic trust region algorithm of slide N.23 with assumption of
slide N.33 to f € C2(R"). If Hy, = V?f(x}) and the set

K={x| f(x) < f(x0)}

IS compact then:

@ Or the iteration terminate at xj;, which satisfy second order
necessary condition.

@ Or the limit point x, = limy_, ., x}. satisfy second order
necessary condition.

[3 J. J. Moré, D.C.Sorensen
Computing a Trust Region Step
SIAM J. Sci. Stat. Comput. 4, No. 3, 1983 &
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Convergence analysis Solving the constrained minimization problem

Solving the constrained minimization problem

As for the line-search problem we have many alternative for solving
the constrained minimization problem:

@ We can solve accurately the constrained minimization
problem. For example by an iterative method.

@ We can approximate the solution of the constrained
minimization problem.

as for the line search the accurate solution of the constrained
minimization problem is not paying while a good cheap
approximations is normally better performing.

Be
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The exact solution of trust region step

Outline

© The exact solution of trust region step

B
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The exact solution of trust region step The Newton approach

The Newton approach (1/7)

@ Consider the Lagrangian

1 1
L(s,p)=a+g's+ isTHs + §,u(sTs — A?),

where a = f(x) and g = Vf(x)’.

@ Then we can try to solve the nonlinear system
oL (5, 11) = Hs+pus+g\ (O
aGs, ) M T \(sTs — A2)/2) T \0
@ Using Newton method we have
(Sk+1> _ (sk) - (H+ ul 3) - (Hsk + LS —|—g)
Hkt1 ik st 0 (5356 — A?%)/2

Be
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The exact solution of trust region step The Newton approach

The Newton approach (2/7)

let be s(u) the solution of (H + uI)s(p) = —g than we have

§'(n) = —(H +pl)"'s(p) and "(n) = 2(H + pI)"*s(u)

Proof.

It enough to differentiate the relation

Hs(p) + ps(p) = g
two times:
Hs'(p) + ps'(p) + s(p) =

0
Hs"(p) + ps"(p) +25' () = 0

o) B
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The exact solution of trust region step The Newton approach

The Newton approach (3/7)

@ A better approach to compute p is given by solving ®(u) = 0
where

O(u) =s(u)| —A, and  s(p)=—(H+pul)'g

@ To build Newton method we need to evaluate

/ _ S(N)TS/(N) s/ _ —1g

@ Putting all in a Newton step we obtain

A — [|s(p)|l
s(px)Ts' ()

Pe+1 = Mg + |8 (pere) ]

Be
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The exact solution of trust region step The Newton approach

The Newton approach (4/7)

@ Newton step can be reorganized as follows
a=(H+mlI) g
b= (H+ I 'a

B = lall

B—A
Mh+1 :Mk—i-ﬁm

@ Thus Newton step require two linear system solution per step.
However the coefficient matrix is the same so that only one
LU factorization, thus the cost per step is essentially due to
the LU factorization.

B
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The exact solution of trust region step The Newton approach

The Newton approach (5/7)

If H is SPD for all ;1 > 0 we have:

®'(u) <0 and D" (u) >0

If 4w > 0 then s(u) # 0. Evaluating (i) and using lemma of slide
N.44 we have

Is(p) || @ (1) = s(u)"s" () = —s(u)" (H + pI)""s(p) <0

Evaluating ®” (1) and using lemma of slide N.44 we have

w8 (W) () +s(w)s (1) (s(w)"s' (1)
@) = IsG)l IsG)IP

(cont.) g

v
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The exact solution of trust region step The Newton approach

The Newton approach (6/7)

Using Cauchy—Schwartz inequality
" ' ()78 (1) + s(w)Ts" () Ns(w)l* I8’ ()|
) 2 Bl sl
_ s(w)'s"(w)
[EIm]
_ oS (H +pD)Ps(p)
s ()l
0

B
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The exact solution of trust region step The Newton approach

The Newton approach (7/7)

@ From ®”(u) > 0 we have that Newton is monotonically
convergent and steps underestimates p.

A

ls(u)l

ﬂ
T E
=

L >

Hx H
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The exact solution of trust region step The Model approach

@ If we develop the vector g with the orthonormal bases given
by the eigenvectors of H we have

n
g = Z o U
i=1

@ Using this expression to evaluate s(u) we have

n

) = ~(H 4l g =3 W
n o2 1/2
Isoll = (3 o)

i=1
@ This expression suggest to use as a model for ®(u) the
following expression
Qg

mk(u):5k+M_A &
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The exact solution of trust region step The Model approach

@ The model consists of two parameter oy, and ;. To set this
parameter we can impose

() et (1x)
/ 893 /

m ==
k() Gr + 2 (pr)

@ solving for a; and (3 we have
(®(ux) +A)? O (ug) + A
a = — —_— ——_— -
‘ ' (p1x) O ()
where

s(up)T —lg
D(up) = |Is(ue)| —A () = — (pre)” (H + pp )™ s ()

s () I
@ Having aj and [y it is possible to solve my (1) = 0 obtaining
fkt+1 = % — Bk §s

@ Substituting a. and (), the step become

0w R @) (| Pm)
HUk+1 = Uk (I)/(Nk) (I)/(Nk)A = Mk (I)/<Iuk) (1 + A )

@ Comparing with the Newton step

Hk4+1 = Mk — Dluse)
" ' (pur.)

we see that this method perform larger step by a factor
1+ <I>(,uk)A_1.

e Notice that 14 ®(u,)A~! converge to 1 as juj, — fix. So that
this iteration become the Newton iteration as u; becomes
near the solution.
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The exact solution of trust region step The Model approach

Algorithm (Exact trust region algorithm)

exact_trust_region(A, g, H)
po— 0;
S « H_lg,'
while |||s|| — A| > e and p >0 do
— compute the model
s «— —(H +pul)™'s;
& — [ls]| - A;
o' — (s's)/|s]
— update | and s
po— = 2 ]l
o A
s «— —(H+ul)™1g;

end while
if 1 < 0 then
S <« —H_lg,'

end if | B
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The dogleg trust region step

Outline

@ The dogleg trust region step

Be
[ Trust Region Method [
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The dogleg trust region step The Dogleg approach

The Dogleg approach (1/3)

@ The computation of the u such that |[s(u)|| = A of the exact
trust region computation can be very expensive.

@ An alternative was proposed by Powell:

[ M.J.D. Powell
A hybrid method for nonlinear equations
in: Numerical Methods for Nonlinear Algebraic Equations
ed. Ph. Rabinowitz, Gordon and Breach, pages 87-114,
1970.
where instead of computing exactly the curve s(u) a piecewise
linear approximation sy (1) is used in computation.

@ This approximation also permits to solve ||sg ()| = A

explicitly.

The dogleg trust region step The Dogleg approach

The Dogleg approach (2/3)

e Form the definition of s(i) = —(H + pI)~g and the
relation s’(1) = (H + pI)~2g it follows
s(0)=—-H"'g,  lim p’s'(p)=—g
p—00
i.e. the curve start from the Newton step and reduce to zero
in the direction opposite to the gradient step.
@ The direction —g is a descent direction, so that a first piece

of the piecewise approximation should be a straight line from
x to the minimum of mg(—Ag). The minimum A, is found at

2
gl

N\, = i
* gT'Hg

@ Having reached the minimum if the —g direction we can now
go to the point = + s(0) = £ — H g with another straight &
line.
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The Dogleg approach (3/3)

@ We denote by

HQH2 —1
= — _H
% ggTHg’ on g

respectively the step due to the unconstrained minimization in
the gradient direction and in the Newton direction.

@ The piecewise linear curve connecting « + s, T + s, and x is
the Dogleg curvel @y (i) = x + s4(p) where

: )_{usg—i—(l—,u)sn for u € [0, 1]
w (2—p)sg for p € [1, 2]

notice that s(u) is parametrized in the interval [0, co] while sq; (1) is
parametrized in the interval [0, 2] §
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Lemma (Kantorovich)

Let A € R™ "™ an SPD matrix then the following inequality is valid

xT Ax)(xT Az M + m)?
1<t <x)(Tm)2 S

for all x # 0. Where m = A1 is the smallest eigenvalue of A and
M = )\, is the biggest eigenvalue of A.

this lemma can be improved a little bit for the first inequality

Lemma (Kantorovich (bis))

Let A € R™ ™ an SPD matrix then the following inequality is valid

(xT Azx)(zT A~ 'x)
(z"z)

1<

for all x # 0 and x not an eigenvector of A.
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By using Kantorovich we can prove:

Lemma

We denote by

2
syl
sl's,

||Q||2 —1
sg:—ggTHg, sp=—H g, Y

then -y, <1, moreover if s,, is not parallel to s, then v, < 1.

Using

TH—l 6
3539 _ ||g||2 g g and 82 — HgH

g"Hg ¢ (g"Hg)?
we have v, = ||g||* /[(¢T Hg)(gT H'g)] and using Kantorovich
inequality the lemma in proved. [] &

v
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the Dogleg piecewise curve
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Lemma

Consider the dogleg curve connecting  + s, * + 84 and x. The
curve can be expressed as x g (1) = x + sq(p) where

psg+ (1 —p)s, for p e [0,1]
sai(p) =
(2—p)sg for € [1,2]
for this curve if s, is not parallel to s, we have that the function
d(p) = llza(p) — x| = [[sa ()]l

is strictly monotone decreasing, moreover the direction sq(p) is a
descent direction for all 11 € [0, 2].

Trust Region Method
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Proof. (1/4).

In order to have a unique solution to the problem ||sg(u)|| = A we
must have that ||sq ()|l is a monotone decreasing function:

{ pPsg 4 (1 —p)?sp + 2u(1 — p)sgsn € [0,1]
(2 —n)?s; e [L,2]
To check monotonicity we take first derivative

d 2
@ Hsdz(M)H

Isa(p)|* =

2uss —2(1 — p)ss + (2 —4p)sl s, pel0,1]
) { (201 — 4)s2 pe

2u(s + s2 — 28)sp) — 282 4+ 2s/s, e (0,1]
) { (201 — 4)s2 pe

Trust Region Method
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The dogleg trust region step The Dogleg approach

Proof. (2/4).
Notice that (2u —4) < 0 for u € [1,2] so that we need only to
check that

2/1(33 + 82 — 2s§sn) — 282 4 ZSgTsn <0 for p € [0, 1]

moreover
33 + 52 — 235.‘5” = ||sg — spll? >0
Then it is enough to check the inequality for u =1
2(33 + s% — 289Tsn) — 23% + QSgTsn = 235 — QSQTSn

i.e. we must check 33 — sgsn < 0.

Trust Region Method
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Proof. (3/4).
By using
2
S
sl
S} 84
of the previous lemma
T
S, S
55— 8580 = [lsg]” [ 1 - =5
e
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||V

v
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Proof. (4/4).

To prove that sg (i) is a descent direction it is enough top notice
that

@ for pu € [0, 1] the direction sy (i) is a convex combination of
84 and s,,.
o for p € [1,2) the direction sg; (1) is parallel to s,.

so that it is enough to verify that s, and s, are descent direction.
For s, we have

sgg = —\glg<0
For s,, we have

stg=—-g " H 'g<0

D’§s
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Using the previous Lemma we can prove

If||sa(0)|| > A then there is unique point i € [0, 2] such that
Isa(p)ll = A.

It is enough to notice that s4;(2) = 0 and that ||sg(w)|| is strictly
monotonically descendent. ]

The approximate solution of the constrained minimization can be
obtained by this simple algorithm

Q if A <|sy]| weset sq = As,/|sqll;
Q if A <|sy,|| we set sy = asy; + (1 — a)sy,; where « is the
root in the interval [0, 1] of:
o [[sglI* + (1 = a)? [|sal|* + 2a(1 — a)sy 8, = A7

g &
@ if A > |s,| weset sg = Sp;




The dogleg trust region step The Dogleg approach

Solving
o? ||sgll* + (1 — )? ||snl® + 201 — @) s s, = A
we have that if ||sy|| < A < ||s,]| the root in [0, 1] is given by:

2 2 T 2
A = [lsgl|” + [[snll” = 255 sn = [lsg — sall

2 2 2
Iall* = sTsn — 1/ (5750)2 = [|s,] s> + A2
A

to avoid cancellation the computation formula is the following

o =

4 2 2 2
1 lisall® — 255 snllsnll” + lIsgll” [lsn]|” — A%A

A 2 2 2
Inl2 = 8T + 1/ (s 80)2 — [l5g]* 3] + A2

2
Isnll® — AZ
Sy —sgsn—|— Sy8n)” — |8y Spll” + Sqg — Sn
2 T T 2 2 2 A2 2
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Algorithm (Computing Dogleg step)

DoglegStep(sg, sp, A);
if A <|sy] then
s «— A % _.

Isg

else if A > ||s,|| then

S <— Sn;

else

7

TT 17

& 6 <o e

T

«

S
end if

return s; &
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The double dogleg trust region step
Outline

© The double dogleg trust region step
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The double dogleg trust region step

The Double Dogleg approach

@ We denote by

I | Y
g gTHg7 n 9 * sgsn

respectively the step due to the unconstrained minimization in
the gradient direction and in the Newton direction.

@ The piecewise linear curve connecting « + S, € + V«Sn,
T + v+84 and x is the Double Dogleg curve

:del(,u) =+ del(,u) where

(1= p1)vesn for pu € 10, 1]
sdai(p) = (b — 1)8g + (2 — p)y«sy  for p € [1,2]
(3—p)sg for p € [2, 3]
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The Double Dogleg piecewise curve

Be
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Lemma

Consider the double dogleg curve connecting  + S,  + V+«Sn,
x + 8, and x. The curve can be expressed as

Taq (1) = x + Sqq1(p) where

(1= p)vesn for p € [0,1]
Sadi(p) = § (= 1)8g + (2 — )8 for p € [1,2]
(3 —w)sy for p € [2,3]

for this curve if s, is not parallel to s, we have that the function

d(p) = [|saa(p) |

is strictly monotone decreasing, moreover the direction Sqq; () is a
descent direction for all i € [0, 3].

4
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Proof. (1/2).

In order to have a unique solution to the problem ||sgq ()| = A
we must have that ||sgq ()| is a monotone decreasing function. It
is enought to prove for u € [1,2]:

Isaa(1 + @)l* = a®s) + (1 — @)*ys, +2a(1 — a)ysg sn

To check monotonicity we take first derivative

d
do I8qar(1 + )]

= 20433 —2(1 — a)y2s® + (2 — 404)7*83.3”

= 204(33 + 252 — 27*s§sn) — 29282 + 27*ng8”

Trust Region Method
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Proof. (2/2).
Notice that

33 + %%3721, - 2’7*35371 = [|sg — 'Y*SnHQ >0

because s, and s,, are not parallel. Then it is enough to check the
inequality for a =1

2(83 + 7282 — 27*.553”) — 29282 + 27*35871 — 253 — 2%83871
=0
The rest of the proof is similar as for the single dogleg step. [

||V

Trust Region Method
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The double dogleg trust region step The Dogleg approach

Using the previous Lemma we can prove

If ||8qa1(0)|| > A then there is unique point i € [0, 3] such that
[saar(p)|l = A.

The approximate solution of the constrained minimization can be
obtained by this simple algorithm
Q if A <|sy]| we set squ = Asy/ ||sgll;

Q if A < .| sl we set sqq = sy + (1 — a)v«8p; where « is
the root in the interval [0, 1] of:

@ lsgll* +72(1 = @)? [[snll® + 27l — a)sg 8, = A?

Q if A <|sy| we set sqq = Asy,/ ||sn|
Q if A > ||sy| we set sy = Sn;

Be
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Solving
2 2
o ||sgl” + 75 (1 = @) [[snll” + 270(1 — a)sg 5 = A?
we have that if ||sy|| < A <, ||sy| the root in [0, 1] is given by:
2 2
A = llsall” = syl
B = A% — |5

A—-B
A++VAB
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Algorithm (Computing Double Dogleg step)
DoubleDoglegStep(sg, sn, A);
2 T :
Vo I8l /(sg sn);
if A <|sy] then
s — Asg/ syl
else if A <, ||s,| then
— 2 lsal® = llsg
— A% —|sq %
— (A-B)/(A+VAB);
— asg+ (1 —a)sy;
else if A < ||s,|| then

2

7

» o e

return s; §‘
_4
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Outline

@ Two dimensional subspace minimization
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Two dimensional subspace minimization

@ When H is positive definite the dogleg step can be improved
by widening the search subspace

s= argmin f(asy+ Bsy)
lsg+Bsnl|<A

I.e. we must solve a two dimensional constrained problem.

@ The 2D problem results:

f(O‘Sg + Bsn) = fo+ gT(asg + Bsn)
1

+ 5(0439 + ﬁsn)TH(ozsg + Gsn)

= fO + O‘QTSQ + ﬁgTsn

1
+ 5¢ sTH.sg—l— ﬁQ THsn—i—aﬁsTHsn §‘
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Two dimensional subspace minimization

The 2D problem written in matrix form:
fla, ) = fo+b" (g) + % (a B)A (g)
= (52
A= (e )
and the constraint

lasy + Bsall> = (@ 8)D (“)

T T
D_ s%sg s’ s,
SgSn  SpSn &
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Lemma

Consider the following constrained quadratic problem where
H ¢ R™"™™, D € R™™ are symmetric and positive definite.

1
Minimize f(8)=fo+g's+ §STH8,
Subject to  s' Ds < r?

Then the following curve
s(p) = —(H +pD) g,

for any ;i > 0 defines a descent direction for f(s). Moreover

@ there exists a unique ji, such that ||s(u.)|| = A and s(us) is
the solution of the constrained problem;

@ or||s(0)]| < A and s(0) is the solution of the constrained
problem.

v

Be
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